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Abstract. Presented here is a generalization of the modified relative Newton
method, recently proposed in [1] for quasi-maximum likelihood blind source sep-
aration. Special structure of the Hessian matrix allows to perform block-coordinate
Newton descent, which significantly reduces the algorithm computational com-
plexity and boosts its performance. Simulations based on artificial and real data
show that the separation quality using the proposed algorithm outperforms other
accepted blind source separation methods.

1 Introduction

The termblind source separation(BSS) refers to a wide class of problems in acoustics,
medical signal and image processing, hyperspectral imaging, etc., where one needs to
extract the underlying 1D or 2D sources from a set of linear mixtures without any
knowledge of the mixing matrix. As a particular case, consider the problem of equal
number of sources and mixtures, in which anN -channel sensor signal arises fromN
unknown scalar source signals, linearly mixed by an unknownN ×N invertible matrix
A: x(t) = As(t). When a finite samplet = 1, .., T is given, the latter can be rewritten
in matrix notation asX = AS, whereX andS areN×T matrices containingsi(t) and
xi(t) as the rows. In the 2D case, images can be thought of as one-dimensional vectors.
Our goal is to estimate the unmixing matrixW = A−1, which yields the source estimate
s(t) = Wx(t).

Let us assume that the sourcessi(t) are zero-mean i.i.d. and independent on each
other. The minus log likelihood of the observed data is given by

`(X;W ) = − log |W |+ 1
T

∑

i,t

hi(Wix(t)), (1)

whereWi is the i-th row of W , hi(s) = − log pi(s), andpi(s) is the PDF of the
i-th source. We will henceforth assume for simplicity thathi(s) = h(s) for all the
sources, although the presented method is also valid in the general case. Many times,
whenhi are not equal to the exact minus log PDFs of the sources, minimization of (1)
leads to a consistent estimator, known asquasi maximum likelihood(QML) estimator.
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QML estimation is convenient when the source PDF is unknown, or not well-suited for
optimization. For example, when the sources are sparse or sparsely representable, the
absolute value function, or its smooth approximation is a good choice forh(s) [2, 3].
We use a parametric family of functions

hλ(s) = |s|+ 1
|s|+ λ−1

(2)

with a smoothing parameterλ > 0. Up to an additive constant,hλ(s) → |s| whenλ →
0+. Evaluation of this type of non-linearity and its first- and second-order derivatives
has relatively low complexity.

The widely acceptednatural gradientmethod shows poor convergence when the
approximation of the absolute value becomes too sharp. In order to overcome this obsta-
cle, a relative Newton approach was recently proposed in [1], which is an improvement
of the Newton method used in [4]. It was noted that the block-diagonal structure of the
Hessian allows its fast approximate inversion, leading to the modified relative Newton
step. In current work, we extend this approach by introducing a block-coordinate rel-
ative Newton method, which possesses faster convergence in approximately constant
number of iterations.

2 Relative Newton algorithm

The followingrelative optimization(RO) algorithm for minimization of the QML func-
tion (1) was used in [5]:

Relative optimization algorithm

1. Start with initial estimates of the unmixing matrixW (0) and the sourcesX(0) =
W (0)X.

2. Fork = 0, 1, 2, ..., until convergence
3. Start withW (k+1) = I.
4. Using an unconstrained optimization method, findW (k+1) such that

`(X(k); W (k+1)) < `(X(k); I).
5. Update source estimate:X(k+1) = W (k+1)X(k).

6. End

The use of a single gradient descent iteration on Step 4 leads to the natural (relative) gra-
dient method [6, 7], whereas the use of a Newton iteration leads to the relative Newton
method [1].

2.1 Gradient and Hessian of̀ (X; W )

The use of the Newton method on Step 4 of the RO algorithm requires the knowledge of
the Hessian of̀(X; W ). Since`(X;W ) is a function of a matrix argument, its gradient
w.r.t. W is also a matrix

G(W ) = ∇W `(X; W ) = −W−T +
1
T

h′(WX)XT , (3)
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whereh′ is applied element-wise toWX.
The Hessian of̀ (X;W ) can be thought as a fourth-order tensorH, which is in-

convenient in practice. Alternatively, one can convert the matrixW into anN2-long
column vectorw = vec(W ) by row-stacking. Using this notation, the Hessian is an
N2 ×N2 matrix, which can be found from the differential ofg(w) (see [1] for deriva-
tion). Thek-th column of the Hessian of the log-determinant term of`(X;W ) is given
by

Hk = vec
(
AjAi

)
, (4)

whereA = W−1, andAi, Aj are itsi-t row andj-th column, respectively, andk =
(i − 1)N + j. The Hessian of the second term of`(X; W ) containing the sum is a
block-diagonal matrix, whosem-th block is anN ×N matrix of the form

Bm =
1
T

∑
t

h′′(Wmx(t))x(t)xT (t). (5)

2.2 The modified Relative Newton step

At each relative Newton iteration, the Hessian is evaluated forW = I, which simplifies
the Hessian of the log-determinant term in (4) to

Hk = vec
(
eie

T
j

)
, (6)

whereei is the standard basis vector containing1 at thei-th coordinate. The second
term (5) becomes

Bm =
1
T

∑
t

h′′(xm(t))x(t)xT (t). (7)

At the solution point,x(t) = s(t), up to scale and permutation. For a sufficiently
large sample, the sum approaches the corresponding expected value yieldingBm ≈
IE

{
h′′(xm)xxT

}
. Invoking the assumption thatsi(t) are mutually-independent zero-

mean i.i.d. processes,Bm become approximately diagonal.
Using this approximation of the Hessian, the modified (fast) relative Newton method

is obtained. The diagonal approximation significantly simplifies both Hessian evalua-
tion and Newton system solution. Computation of the diagonal approximation requires
aboutN2T operations, which is of the same order as the gradient computation. Approx-
imate solution of the Newton system separates to solution of1

2N(N − 1) symmetric
systems of size2× 2

(
Qij 1
1 Qji

)(
Dij

Dji

)
= −

(
Gij

Gji

)
, (8)

for the off-diagonal elements (i 6= j), andN additional linear equations

QiiDii + Dii = −Gii (9)
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for the diagonal elements, whereD is theN × N Newton direction matrix,G is the
gradient matrix, andQ is anN × N matrix, in which the Hessian diagonal is packed
row-by-row.

In order to guarantee global convergence, the2×2 systems are modified by forcing
positive eigenvalues [1]. Approximate Newton system solution requires about15N2

operations. This implies that the modified Newton step has the asymptotic complexity
of a gradient descent step.

3 Block-coordinate relative Newton method

Block-coordinate optimization is based on decomposition of the vector variable into
components (blocks of coordinates) and producing optimization steps in the respective
block subspaces in a sequential manner. Such algorithms usually have two loops: a
step over block (inner iteration), and a pass over all blocks (outer iteration). The main
motivation for the use of block-coordinate methods can be that when most variables
are fixed, we often obtain subproblems in the remaining variables, which can be solved
efficiently. In many cases, block-coordinate approaches require significantly less outer
iterations compared to conventional methods [8].

In our problem, the Hessian is approximately separable with respect to the pairs of
symmetric elements ofW . This brings us to the idea of applying the Newton step block-
coordinately on these pairs. As it will appear from the complexity analysis, the relative
cost of the nonlinearity computation becomes dominant in this case, therefore, we can
do one step further and use pair-wise symmetric blocks of larger size. The matrixW
can be considered as consisting ofM = N/K blocks of sizeK ×K,

W =




W11 W12 ... W1M

W21 W22 ... W2M

...
...

. . .
...

WM1 WM2 ... WMM


 (10)

The block-coordinatemodified relative Newton step (as opposed to thefull modified
relative Newton step described before) is performed by applying the relative Newton
algorithm to the subspace of two blocksWij andWji at a time, while fixing the rest
of the matrix elements. In order to update all the entries ofW , N(N − 1)/2K2 in-
ner iterations are required. We obtain the following block-coordinate relative Newton
algorithm:

Block-coordinate relative Newton algorithm

1. Start with initial estimates of the unmixing matrixW (0) and the sourcesX(0) =
W (0)X.

2. Fork = 0, 1, 2, ..., until convergence

3. Fori = 1, ...,K

4. Forj = 1, ..., K

5. Start withW (k+1) = I.
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6. Update the blocksWij andWji using one block-coordinate relative
Newton iteration to findW (k+1) such that̀ (X(k); W (k+1)) < `(X(k); I).

7. Efficiently update the source estimate:X(k+1) = W (k+1)X(k).
8. End

9. End

10. End

Since only few elements ofW are updated at each inner iteration, evaluation of the cost
function, its gradient and Hessian can be significantly simplified. In the termWx(t),
only 2K elements are updated and consequently, the non-linearityh is applied to a
2K × T stripe to update the sum

∑
h(Wix(t)).

Since at each inner step the identity matrixI is substituted as an initial value ofW ,
the updated matrix will have the form

W =




IK×K Wij

IK×K

Wji
. . .

IK×K


 (11)

It can be easily shown that the computation of the determinant ofW having this form
can be reduced to

detW = det
(

I Wij

Wji I

)
(12)

and carried out in2K3 operations. Similarly, the computation of the gradient requires
applyingh′ to the updated2K × T stripe ofWX and multiplying the result by the
corresponding2K × T stripe ofXT . In addition, the gradient requires inversion ofW .
Wheni 6= j, the inverse matrix has the form

W−1 =




I
Aii Aij

I
Aji Ajj

I




, (13)

where theK ×K blocksAii, Aij , Aji andAjj are obtained from

(
Aii Aij

Aji Ajj

)
=

(
I Wij

Wji I

)−1

, (14)

which also requires2K3 operations. To compute the Hessian, one should update2K
elements inx(t)xT (t) for eacht = 1, ..., T and applyh′′ to the updated2K × T stripe
of WX.
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3.1 Computational complexity

For convenience, we denote asα, α′ and α′′ the number of operations required for
the computation of the non-linearityh and its derivativesh′ andh′′, respectively. A
reasonable estimate of these constants forh given in (2) isα = 6, α′ = 2, α′′ = 2
[9]. We will also denoteβ = α + α′ + α′′. A single block-coordinate relative New-
ton inner iteration involves computation of the cost function, its gradient and Hessian,
whose respective complexities are2(K2T + K3 + αKT ), 2(K2T + K3 + α′KT )
and2(K2T + (α′′ + 1)KT ). In order to compute the Newton direction,K systems of
equations of size2× 2 have to be solved, yielding in total solution of systems per outer
iteration, independent ofK. Other operations have negligible complexity. Therefore, a
single block-coordinate outer Newton iteration will require aboutN2T (3+(β+1)/K)
operations. SubstitutingK = N , the algorithm degenerates to the relative Newton
method, with the complexity of about3N2T . Therefore, the block-coordinate approach
with K × K blocks is advantageous, if its runtime is shortened by the factorγ >
1 + (β + 1)/3K compared to the full relative Newton method.

4 Numerical results

For numerical experiments, three data sets were used: sparse normal signals generated
using the MATLAB functionsprandn , 50, 000 samples from instrumental and vocal
music recordings sampled at11025 Hz, and natural images. In all the experiments, the
sources were artificially mixed using an invertible random matrix with uniform i.i.d.
elements. The modified relative Newton algorithm with backtracking line search was
used, stopped after the gradient norm reached10−10. Data sets containing audio sig-
nals and images were not originally sparse, and thus not the corresponding mixtures.
Short time Fourier transform (STFT) and discrete derivative were used to sparsify the
audio signals and the images, respectively, as described in [10, 11, 2, 3]. In Table 1,
the separation quality (in terms of the signal-to-interference ratio (SIR) in dB units)
of the relative Newton method is compared with that of stochastic natural gradient
(Infomax) [7, 6, 12], Fast ICA [13, 14] and JADE [15]. We should note that without
the sparse representation stage, all algorithms produced very poor separation results.
Figure 2 depicts the convergence of the full modified relative Newton algorithm and
its block-coordinate version for different block sizes, with audio signals and images.
Complete comparison can be found athttp://visl.technion.ac.il/bron/
works/bss/newton .

The block-coordinate algorithm (with block sizeK = 1, 3, 5 and10) was compared
to the full modified relative Newton algorithm (K = N ) on problems of different size
(N from 3 to 50 in integer multiplies ofK; T = 103) with the sparse sources. The
total number of the cost function, its gradient and Hessian evaluations were recorded
and used for complexity computation. Remarkably, the number of outer iterations is
approximately constant with the number of sourcesN in the block-coordinate method,
as opposed to the full relative Newton method (see Figure 1, left). Particularly, for
K = 1 the number of outer iterations is about10. Furthermore, the contribution of
the non-linearity computation to the overall complexity is decreasing with the block
sizeK. Hence, it explains why in Figure 1 (right) the complexity normalized by the
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Table 1.Separation quality (best and worst SIR in dB) of sparse signals, audio signals and images.

SIR Newton InfoMax FastICA JADE

Sparse 172.98÷ 167.99 34.35÷ 18.64 23.82÷ 21.89 26.78÷ 21.89
Audio 46.68÷ 25.72 37.34÷ 23.35 25.15÷ 2.11 25.78÷ 9.02
Images 57.35÷ 31.74 38.52÷ 25.66 30.54÷ 19.75 32.35÷ 27.85
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Fig. 1. Average number of outer iterations (left) and the normalized complexity (right) vs. the
number of sourcesN for different block sizesK.

factorN2T is almost the same for blocks of sizeK = 1, 3, 5 and10. However, CPU
architecture considerations may make larger blocks preferable. The block-coordinate
algorithm outperformed the relative Newton algorithm by about3.5 times forN = 55.

5 Conclusion

We presented a block-coordinate version of the relative Newton algorithm for QML
blind source separation introduced in [1]. In large problems, we observed a nearly
three-fold reduction of the computational complexity of the modified Newton step by
using the block-coordinate approach. The use of an accurate approximation of the ab-
solute value nonlinearity in the QML function leads to accurate separation of sources,
which have sparse representation. Simulations showed that from the point of view of the
obtained SIR, such optimization appears to outperform other accepted algorithms for
blind source separation. The most intriguing property, demonstrated by computational
experiments, is the almost constant number of iterations (independent of the number of
sources) of the block-coordinate relative Newton algorithm. Though formal mathemati-
cal explanation of this phenomenon is an open question at this point, it is of importance
for practical applications.
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Fig. 2. Convergence of the the block-coordinate relative Newton method for audio sources (left)
and images (right) using blocks of different sizeK (K = 30 corresponds to full relative Newton).
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