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Abstract

Blind source separation (BSS) refers to a wide class of methods in signal and image processing,

which extract the underlying sources from a set of mixtures without almost any prior knowledge

about the sources nor about the mixing process. In biomedical applications, BSS is used for

the analysis of electroencephalogram (EEG), magenetoencephalogram (MEG) and electrocardio-

gram (ECG) signals and functional magnetic resonance (fMRI) images.
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1 Introduction

The termblind source separation(BSS) refers to a wide class of problems in signal and image

processing, where one needs to extract the underlying sources from a set of mixtures. Almost no

prior knowledge about the sources, nor about the mixing is know, hence the nameblind. In prac-

tice, the sources can be one-dimensional (e.g. acoustic signals), two-dimensional (images) or three-

dimensional (volumetric data). The mixing can belinear, or nonlinearon one hand, andinstanta-

neousor convolutive; in the latter case, the problem is referred to asmultichannel blind deconvolution

or convolutive BSS. In many medical applications, the instantaneous linear mixing model holds, hence

the most common situation is when the mixtures are formed by superposition of sources with differ-

ent scaling coefficients. These coefficients are usually referred to asmixingor crosstalk coefficients,

and can be arranged into amixing (crosstalk) matrix. The number of mixtures can be smaller, larger

or equal to the number of sources.

Independent component analysis(ICA), a method for finding independent components in multi-

dimensional statistical data, is usually exploited to solve the BSS problem. One of the fundamental

assumption of this approach is that the sources arestatistically independent, i.e. the value of anyone

of the sources gives no information on the values of the other sources. Hence, finding the mini-

mally dependent components by minimizing a certain measure of dependence (usually employing a

numerical optimizationprocedure) produces an estimate of the original sources. An emerging class

of alternative methods is thesparse component analysis(SCA or SPICA), which allows to relax the

assumption of statistical independence of the sources and relies on the assumption that sources are

sparse(i.e. have a small number of non-zero values) orsparsely-representablein an appropriate do-

main (e.g., in the domain of the Fourier transform, wavelet transform, Gabor transform, etc.) Another
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important class of approaches to the BSS problem is based onindependent factor analysis(IFA).

In the context of medical signal and image processing, the BSS problem arises e.g. in analysis of

electroencephalogram (EEG), magenetoencephalogram (MEG) and electrocardiogram (ECG) signals

and functional magnetic resonance images (fMRI). Recent research has also shown the feasibility of

BSS techniques in hyperspectral analysis of tissues.

2 The linear BSS problem

In a typical scenario of an instantaneous linear BSS problem, real signalssi(t) from N sources are

recorded byM sensors;t is a multi-index and refers to data of any dimension. The sensor signals

xi(t) are instantaneous linear combinations of the source signals, and are possibly contaminated by

additivesensor noiseξi(t):

x1(t) = a11s1(t) + . . . + a1NsN (t) + ξ1(t)
...

...
...

xM (t) = aM1s1(t) + . . . + aMNsN (t) + ξM (t)

whereaij are the crosstalk coefficients. In EEG, for example, source signals are resulting from

electromagnetic activity of the brain cortex, and sensor signals are the electric potentials measured by

the scalp electrodes. The crosstalk coefficients represent the attenuation the source signals undergo

during their propagation and are related to the geometry of the head. The noise can result e.g. from

electromagnetic disturbances.

In matrix notation, the linear BSS problem has the form

x(t) = As(t) + ξ(t),

wheres(t), x(t) andξ(t) are column vectors with valuessi(t), xi(t) andξi(t), respectively. When
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the data is discrete, the problem can be written as

X = AS + Ξ , (1)

whereX andS are matrices containing the mixtures and the sources, respectively, as their rows, and

Ξ is the corresponding matrix of noise. If the mixtures are two-dimensional (images), they are parsed

into vectors and treated in an essentially similar way.

The BSS problem consists of finding an estimateY (X) of S, given only the observed (possibly

noisy) dataX. If no a priori information is available, the latter is possible up to an arbitrary permu-

tation and scaling only. In a particular case when the matrixA is square (i.e.N = M ) and invertible,

and under the assumption of zero noise, the problem is equivalent to estimating theunmixing matrix

W = (w1, ...,wN )T = EA−1 such that

EY = WX,

whereE is a permutation and scaling matrix.

3 Independent Component Analysis (ICA)

If the sourcessi are statistically independent, the ICA approach can be used to solve the BSS problem.

Statistical independence implies that the joint probability density of the sourcesfs(s1, ..., sN ) can be

factorized into a product of marginal densities,

fs(s1, ..., sN ) =
N∏

i=1

fsi(si).

The assumption of statistical independence of sources is the guiding principle of ICA: the sources can

be estimated as a linear transformationY = WX of the mixtures, yielding the ”most independent”

components. The sources estimated in this way are termedindependent components(ICs).
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The property of independence is stronger thanuncorrelatedness, i.e. IEsisj = IEsiIEsj for i 6= j,

where IE denotes expectation. Uncorrelated components can be extracted by means of lineardecor-

relation (sometimes termed asspheringor whitening) of the datax(t), i.e. by linearly transforming

x(t) into y(t) = Px(t) by a whitening matrixP , such that thecovariance matrixof y(t) equals unity:

Cyy = IE(y(t)yT (t)) = PCxxP T = I.

The covarianceCxx is estimated from a finite realization ofx(t). Substituting the eigendecomposition

Cxx = V DV T (whereV is a unitary diagonalizing matrix andD is diagonal), the covarianceCyy

can be expressed as

Cyy = PV CxxV T P T .

The whitening matrix therefore equalsP = D− 1
2 V T . This procedure is a version ofprincipal com-

ponent analysis(PCA) (also calledHotteling-or Karhunen-Loeve transform), in which the variances

are normalized.

Geometrically, decorrelation of the data undoes the mixing up to a rotation matrix, i.e. the unmix-

ing matrix can be found as a productW = UP of the whitening matrixP and some rotation matrix

U . When the sources are jointly Gaussian, independence and uncorrelatedness are equivalent. Since

such distribution is invariant under rotation, in case of Gaussian sources unmixing is only possibly

up to arbitrary rotation (see Figure 1). For this reason, the Gaussian case is usually excluded in the

classical ICA model.

More precisely, the classical setting of the (zero-noise) ICA problem is identical to (1) with the

addition of the followingidentifiability conditions: (i) at most one of the sourcessi is Gaussian; (ii)

the number of mixtures is at least as large as the number of sources, (M ≥ N ); and (iii) the mixing

matrixA is of full column rank; (iv)si(t) are stationary and ergodic. Typically, a stronger version of

these conditions, assuming non-Gaussianity of all the sources and independent identical distribution

(i.i.d.) of the values ofsi(t) overt is used.
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ICA is usually performed by formulating a criterion of statistical dependenceϕ(y), referred to

ascontrast functionor constrast(the termsobjective-, cost-and loss functionare synonymous) and

minimizing it – sometimes referred to asminimum contrast estimation. The selection of specific

contrast and numerical algorithm for its optimization gives rise to different ICA methods.

Typically, decorrelation of the data using PCA is performed as a pre-processing stage. Some

methods usingorthogonal contrastsdemand explicitly uncorrelatedness of the data. If the number

of sourcesN equals the number of mixturesM , it is usually convenient to pose the problem as

estimating the unmixing matrixW :

W = argmin
W

ϕ(Wx).

If M > N , the firstN principal components ofX are used as the data.

Depending on whether all the ICs are estimated simultaneously, or one-by-one,multi-unit or

one-unitcontrast functions are used, respectively. Another distinction is made betweenonline (or

adaptive) methods that use instantaneous data at each iteration, andbatchmethods that use all the

data simultaneously; this terminology is common in the neural networks community, where some

fundamental works on ICA came from.

4 Contrast functions

Minimum contrast estimation is a general statistical estimation approach commonly used in ICA.

Different multi-unit contrast functions can be derived from different principles such as maximum

likelihood, information maximization, etc. It can be shown that in many cases these contrasts are

equivalent.

Mutual information: independence can be measured as theKullback-Leibler divergencebetween
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the true densityfy(y) of y and the product of marginal densitiesf0(y) =
∏N

i=1 fi(yi)

ϕMI(y) =
∫

fy(y) log
(

fy(y)
f0(y)

)
dy,

also known as themutual informationof y. Mutual information reflects the quantity of information

shared between the elements ofy; it is always non-negative and vanishes only ifyi are statistically

independent. Mutual information can be also expressed via thedifferential entropyas,

ϕMI(y) =
N∑

i=1

H(yi)−H(y) =
N∑

i=1

H(wT
i x)−H(x)− log |det W |,

with wi denoting thei-th row ofW and

H(x) = −
∫

fx(x) log fx(x)dx. (2)

If the data is decorrelated,ϕMI becomes the orthogonal mutual information contrast:

ϕ⊥MI(y) =
N∑

i=1

H(yi). (3)

Likelihood: assuming thatsi(t), t = 1, ..., T are i.i.d., the samples of the mixturesxi(t) can be

considered as independent measurements of the data. The distribution ofs(t) in this case is given by

f(x|W ) = | detW | · fs(Wx) = | detW | ·
N∏

i=1

fsi(w
T
i xi), (4)

whereW are the parameters of the model which need to be estimated. Thelikelihoodis the probability

of the observed data as a function of the parameters of the model:

L(X;W ) = | detW | ·
T∏

t=1

N∏

i=1

fsi(w
T
i xi(t)).
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Maximizing the likelihood functionL(X,W ) with respect toW produces an estimate of the unmixing

matrix. Usually, it is more convenient to minimize the normalizedminus log-likelihood function

`(X; W ) = − 1
T

T∑

t=1

N∑

i=1

log fsi(w
T
i xi(t))− log | detW |.

The normalized minus-log-likelihood̀(X;W ) can be seen as an approximation (up to a constant) of

the Kullback-Leibler divergence

dKL(fWx, fs) =
∫

fWx(y) log
(

fWx(y)
fs(y)

)
dy,

on a finite sample of sizeT , i.e.

`(X; W ) T→∞−→ dKL(fWx, fs) + const.

Hence, themaximum likelihood(ML) estimation is associated with the contrast function

ϕML(y) = dKL(fWx, fs). (5)

The probability densitiesfsi do not need to be necessarily known exactly; when approximatefsi are

used, the estimation is termed asquasi maximum likelihood(QML) [1]. Often, if the sources are

known to be sub-Gaussian or super-Gaussian, approximatefsi can be selected accordingly.

Infomax: estimated ICs can be considered as outputs of a single-layer multi-input multi-output neural

network, withx(t) serving as inputs and outputs given byyi(t) = gi(wT
i x(t)), wheregi are non-

linear scalar functions. Whengi are selected as the cumulative distribution functionsFsi of the

sources (or in other words,g′i = fsi), maximizing the entropy of the outputs

ϕIM (y) = H(gi(wT
1 x(t)), ..., gN (wT

Nx(t))), (6)

8



is equivalent to maximum likelihood estimation. This approach is known asnetwork entropy-or in-

formation maximization(infomax) and was introduced by T. Bell and L. Sejnowski [2]. The intuition

of infomax is the following:g(s) = (g1(s), ..., gN (s)) is uniformly distributed on[0, 1]N and pos-

sesses the largest entropy among all the distributions on[0, 1]N . Therefore,g(y) = g(WAs) has the

largest entropy whenWA = I.

Negentropy: Another non-Gaussianity maximization approach stems from a fundamental result of

information theory, according to which a Gaussian variable possesses the largest entropy among all

random variables with equal variance. A normalized version of entropyJ(y) = H0 −H(y), where

H0 is the entropy of a Gaussian vector possessing the same covariance asy, is callednegentropy.

Negentropy is non-negative and vanishes only ify has a Gaussian distribution. Minimization of the

contrast function

ϕNE(y) = −
∑

i

J(yi) (7)

leads to ICs with maximum non-Gaussianity. Minimization ofϕNE(y) can be approximated by

maximization the sum of squared kurtoses
∑

i κ
2
i . A. Hyvärinenet al. proposed to use the more

general approximation of the form

J(y) ≈ (IEh(y)− IEh(v))2 , (8)

wherev is a normal random variable andh can be virtually any non-quadratic function.

High-order cumulants: another way to derive contrast functions is by using high-order statistics.

Such contrasts can be considered approximations of the information theoretic contrasts. High-order

statistical information is expressed viacumulant tensors; for zero-mean variablesxi, xj , xk, xl the
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second- and the fourth-order cumulants are:

Cij(x) = IE (xixj) ,

Cijkl(x) = IE (xixjxkxl)− IE (xixj) IE (xkxl)− IE (xixk) IE (xjxl)− IE (xixl) IE (xjxk) .

The auto-cumulantsCii(x) = IEx2
i = σ2

i (x) andCiiii(x) = IEx4
i − 3IE2x2

i = κi(x) are thevariance

and thekurtosisof the i-th source, respectively. For statistically independent sources, the cross-

cumulants vanish, i.e.Cij(s) = σ2
i δij , Cijkl(s) = kiδijkl; whereδ denotes the Kr̈onecker symbol.

If the data is decorrelated, the mutual information contrastϕMI can be approximated as:

ϕ⊥KUR(y) =
∑

ijkl 6=iiii

C2
ijkl(y) = −

∑

i

C2
iiii(y) + const. (9)

This orthogonal contrast was used already in the early works on ICA [3]. The intuition behind this

contrast is based on thenon-Gaussianity maximizationprinciple. According to the central limit the-

orem, the distribution of a sum of non-Gaussian sources is closer to Gaussian distribution than the

distributions of the sources. Gaussian distribution has zero kurtosis; distributions with positive kurto-

sis are termed assuper-Gaussianand distributions with negative kurtosis are termed assub-Gaussian.

The first class includes, e.g. sparse distributions. Non-Gaussianity ofyi can be measured as the ab-

solute or the squared value of the kurtosisκi(y). Hence, the minimizer ofϕ⊥KUR(y) corresponds to

the most non-Gaussian components.

Tensorial methodsrely on eigendecomposition of the fourth-order cumulant. A fundamental result

from statistics states that every matrixwiwT
i , wherewT

i is thei-th row of the mixing matrixW , is

an eigenmatrix of the cumulant tensor of the whitened datay, with the corresponding eigenvalueκi,

i.e.,

C(wwT ) = κi ·wwT ,
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where

C(wwT )ij =
∑

k,l

wkwlCijkl

is the product of the tensorC with the matrixwwT . This gives a direct method for estimating the

mixing matrix: the observationy is whitened, then the fourth-order cumulant tensorC is estimated

and its eigendecomposition is computed. Estimate of the mixing matrix is constructed from the

eigenmatrices ofC.

Joint approximate diagonalization of eigenmatrices (JADE):is a particular case of tensorial meth-

ods introduced by J.-F. Cardoso and A. Souloumiac [4]. The tensorC hasN2 orthonormal eigenma-

trices Dm and the corresponding eigenvaluesλm, of which only N are non-zero. If the data is

decorrelated, the mixing matrix is unitary (a rotation matrix), and diagonalizes the eigenmatrices of

C, i.e.: Bm = WDmW T , with Dm a diagonal matrix. Thus, the unmixing matrix can be found by

joint diagonalization of theN eigenmatricesBm, which can be carried out efficiently using Jacobi

iterations. The orthogonal contrast associated with the JADE algorithm is the joint diagonalization

criterion:

ϕ⊥JADE(y) =
∑

ijkl 6=ijkk

C2
ijkl(y). (10)

5 Numerical ICA algorithms

Independent component analysis is often carried out by means of minimization of the contrast func-

tion ϕ with respect to the argumentW . This task is performed by an iterative numerical pro-

cedure, calledoptimization algorithm. An generic optimization algorithm produces a sequence

W (0),W (1), ..., W (K) of estimates of the function minimizer, on which the function approaches

the optimal value. The iterations are stopped when e.g. the norm of the gradient
∥∥∇ϕ

(
W (k)y

)∥∥

is sufficiently small. Classical optimization algorithms produceW (k+1) by additive update, i.e.
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by making a step in directionV (k) on every iteration:W (k+1) = W (k) + α(k)V (k). Typically,

the choice of the direction depend on the gradient∇ϕ or the Hessian∇2ϕ of ϕ at each itera-

tion. For example, choosingV (k) = −∇ϕ
(
W (k)y

)
is known assteepestor gradient descent, and

V (k) = − (∇2ϕ
(
W (k)y

))−1∇ϕ
(
W (k)y

)
is known asNewtonstep.

Relative optimization algorithms is a class of optimization algorithm that rely on the fact that the

mixing matrices form a multiplicative group. The latter implies that starting from the observed mix-

tures, one can iteratively improve the source estimate (in terms of some contrast function) by finding

an estimate of the unmixing matrix leading to a decrease of the constrast function, and using the

obtained source estimate as the observation at the next iteration. A general relative optimization

algorithm has the following structure [5]:

1. Start with an initial source estimateY (0).

2. Fork = 0, 1, 2, ..., until convergence

(a) Starting fromV (k) = I and using one or more steps of some unconstrained minimization

algorithm, find such a matrixV (k) that decreases the contrast functionϕ
(
V (k)Y (k)

)
.

(b) Update the source estimate:Y (k+1) = V (k)Y (k).

3. End of loop

The output of the algorithm is the source estimateY = Y (K) minimizing the contrastϕ. The unmix-

ing matrix is obtained as the productW = V (0) · V (1) · ... · V (K).

Different algorithms can be obtained by different choices of the unconstrained minimization al-

gorithm used in Step (a). Therelative gradient(also referred to as thenatural gradient) algorithm,

introduced by A. Cichockiet al. [6], J.-F. Cardoso and B. Laheld [7] and S.-I. Amariet al. [8],

although derived from different considerations, can be obtained by using a steepest descent iteration

at Step (a). Therelative Newtonalgorithm [1, 5]) is obtained by using a single Newton iteration at

Step (a). An efficient block-coordinate version of this algorithm was proposed by Bronsteinet al. [9].
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Relative optimization techniques can be used in both batch and online modes. Extensions for blind

deconvolution are also available [10, 11].

Fixed point algorithms were introduced by A. Hyv̈arinen and E. Oja [12] and are commonly known

under the name ofFast ICA. This class of algorithms is based on fixed point iterations, a method

known to have very fast convergence. The one-unit Fast ICA algorithm has the following form:

• Center and whiten the datay.

• Start with some estimatew(0) of a row vector ofW .

• Fork = 1, 2, ..., until convergence

• Updatew(k) ← IE
{
y ϕ′

((
w(k−1)

)T
y
)}

− IE
{

ϕ′′
((

w(k−1)
)T

y
)}

·w(k−1).

• Normalize:w(k) ← w(k)/‖w(k)‖.

• End of loop

In practice, the expectations in Step 4 are replaced by empirical averages and the separation vectors

w are orthogonalized.ϕ can be virtually any twice-differentiable function and does not have to

correspond to any statistically or information theoretically based contrast. Different choices ofϕ

result in different algorithms suitable for different classes of sources. Fast ICA is a batch algorithm

and generally used for estimating the ICs one-by-one. Extensions for the multi-unit case are available.

6 Sparse Component Analysis (SCA)

The fundamental assumption of statistical independence of source used in ICA can be relaxed and

replaced by the assumption of theirsparsity. This gives rise to thesparse component analysis(SCA),

an alternative class of methods for BSS [13, 14]. Sparsity implies that most of the values of the

source are zero or near-zero. For simplicity, consider the problem of two sources and two mixtures
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(M = N = 2). The observed mixturex(t) is a set of points in the plane (scatter plot), given by

x(t) = a1 · s1(t) + a2 · s2(t),

wherea1,a2 are the column vectors of the mixing matrixA. If the sources are sparse, most of the

instantaneous mixture values are contributed by a single ”active” source only (eithers1(t) or s2(t)).

Statistical independence is not necessary for this to hold; it is enough that in the realization of the

sources the non-zero values do not overlap in most of their occurrences. Consequently,x(t) consists

mainly of points lying along directionsa1 anda2 (Figure 3). Recovering these directions allows to

estimate the mixing matrix. This BSS approach is termed asgeometric separation. The applicability

of geometric separation is practically limited to problems with number of mixturesM = 2 or 3.

However, the advantage of this method compared to ICA is that it allows to handle BSS problems

with number of sourcesN > M .

If the sources are not originally sparse, in many cases they can besparsified, i.e. brought to a

sparse representation by application of a linearsparsifying transformationgiven by aT1 × T matrix

Φ:

S′ = SΦT ,

whereT1 is the dimension of the resulting representation, and superscript()T denotes matrix trans-

position. The transformationΦ is not necessarily invertible. Since the mixing is linear, applyingΦ

on the mixtures is equivalent to mixing the sparsified sources:

X ′ = XΦT = (AS)ΦT = A(SΦT ) = AS′.

Unmixing is performed by first estimating the unmixing matrixW given the sparsified mixturesX ′,

and then applying it to the original mixturesX. The sparsifying transformation is generally dependent

on the source types. A possible selection ofΦ is e.g. theshort-time Fourier transform(STFT) for
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acoustic signals [15] and a discrete derivative for images [16]. A richer family of transformations is

obtained by using multi-resolution representations such as thewaveletor thewavelet-packet(WP)

transforms.

Sparsification can be employed together with QML estimation in cases whenM = N . QML

methods require that the distribution of sources is modelled at least approximately. In some cases,

it is very difficult or practically impossible to write the source distribution in an analytical form.

In addition, many distributions result in non-convex objective functions which are problematic for

optimization. Instead, the sources are assumed sparse (with the absolute value or its smoothed version

used as a model of− log fsi(s)) and an appropriate sparsification transformation is applied on the

mixtures, making the problem equivalent to separation of sparse sources. This usually outperforms

QML estimation without sparsification.

7 Independent Factor Analysis (IFA)

One of the weaknesses of ICA algorithms is the fact they do not incorporate noise into the model. For

this reason, the applicability of ICA is limited to low- to medium-noise cases. SCA is more robust

to noise in some cases, however, it also ignores the explicit noise model. As a possible remedy, H.

Attias [17] proposed theindependent factor analysis(IFA), which can be viewed as a generalization

of ICA, PCA and ordinary factor analysis.

Similarly to ICA, the IFA framework assumes instantaneous linear mixing model. Observations

x(t) are assumed to be contaminated by zero-mean Gaussian noiseξ(t) with some covariance ma-

trix Λ. Both Λ and the mixing matrixA are unknown. The sourcess(t) are considered mutually

statistically independent and their probability density functions are usually modelled as amixture of

Gaussians(MOG)

fsi (si|θi) =
ni∑

k=1

zikfG

(
si − µik, σ

2
ik

)
,

wherefG

(
s− µ, σ2

)
is the Gaussian probability density function with meanµ and varianceσ2,
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andθi =
(
zi1, ..., z1ni , µi1, ..., µini , σ

2
i1, ..., σ

2
ini

)
is the vector of parameters describing the mixture,

where
∑

k zik = 1. The resulting model observation density is given by

f (x|Λ, A, θi, ..., θM ) =
∫

f (x|s) f (s) ds =
∫

fG (x−As, Λ)
M∏

i=1

fsi (si|θi) ds1 · · · dsN .

IFA consists of two steps. First, the parametersΛ, A,θi, ...,θM of the model are adapted to

minimize a distance function between the model and the observed probability densities ofx. A typical

choice for such a distance function is the Kullback-Leibler divergence. Various numerical algorithms

can be used to perform the minimization; H. Attias showed the use of anexpectation-minimization

(EM) algorithm. Once the model parameters are estimated, source recovery is performed. A good

restoration can be obtained by theleast mean squares(LMS) estimator,

yLMS = IE {s|x} ,

which minimizes IE(y − s)2. This above conditional expected value is readily available as a by

product of the EM algorithm. Another way to estimate the sources is themaximum a posteriori

estimator(MAP), which maximizes the the joint probability densityf (s, x).

8 Generalizations of the BSS problem

A more general setting of the BSS problem is required in situations where the linear instantaneous

mixing model cannot be assumed.

Convolutive mixture is a generalization of the instantaneous mixing model. The sensor signals

in this case are given by

x1(t) = a11(t) ∗ s1(t) + . . . + a1N (t) ∗ sN (t) + ξ1(t)
...

...
...

xM (t) = aM1(t) ∗ s1(t) + . . . + aMN (t) ∗ sN (t) + ξM (t)
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whereaij(t) are some unknown filters. This problem is calledmultichannel blind deconvolution

(BD). As in the BSS case, the sources and the filters can be one-, two- or three-dimensional. It is

common to distinguish between the following cases:M, N > 1 - multiple-input multiple-output

(MIMO), which is the most general setting;M > 1, N = 1 - single-input multiple-output(SIMO);

andM = N = 1 - single-input single-output(SISO). In image processing, the latter case is some-

times simply referred to asblind deconvolution.

A particular setting of the MIMO BD problem is a generalization of the instantaneous (delay-less)

linear BSS problem to the cases when the signal propagation velocity is low. The filters model the

delays in signal propagation. Such a situation is common e.g. when the sources are acoustic signals.

Often, in order to account for acoustic effects like reverberation, the filters must be more complicated

than just delays.

The SISO BD problem arises in optical imaging applications, where the source image is acquired

through scattering medium. The action of the medium can be modelled as alinear shift-invariant

(LSI) system and described by convolution with some two-dimensional filter (usually referred to

as thepoint spread functionor PSF). The source reconstruction requires to undo the effect of the

convolution with the PSF. If more than one observation of the same source is available degraded by

different PSFs, the problem is formulated as SIMO BD.

Some theoretical methods and numerical algorithms used for BSS can be generalized to BD prob-

lems. For example, ML and QML estimators can be formulated in a way similar to the BSS case.

An emerging field is the extension of SCA approaches to BD [11, 10]. In some cases, the MIMO

BD problem can be posed as an instantaneous BSS problem. For example, in case of acoustic sig-

nals, P. Smaragdis proposed thetime-frequency domain ICAapproach [18]. The sensor signals are

transformed into the STFT domain

xi(t)
STFT−→ Xi(t, ω),

where the convolutive mixtures are translated into instantaneous ones, with a frequency-dependent
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mixing matrix:

Xi(t, ω) = Ai1(ω)S1(t, ω) + ... + AiN (ω)SN (t, ω).

Assuming that in narrow frequency subbands the filters are approximately constant (i.e. thatA is

constant), the BD problem can be formulated as a set of instantaneous BSS problems in each subband.

The difficulty arising in this method is the permutation and scale ambiguity, which must be resolved

before the separated signals in each subband are merged. Usually, some additional information such

as the directivity pattern is necessary for this purpose [19].

Nonlinear mixture is a generalization of the linear mixing model. The mixing matrixA is

replaced by an invertible nonlinear mixing functionA from IRN to IRM . The sensor signals in this

case are given by

x(t) = A(s(t)).

A particular case when the nonlinear operator is applied in a component-wise manner after linear

mixing

x(t) = A(A · s(t)),

is referred to aspost-nonlinearBSS. Typically, the nonlinear BSS problem is significantly harder than

the linear BSS. Several approaches, e.g. based on correlation maximization and kernel learning [20]

were proposed, yet, the nonlinear BSS problem is still an open research field.

9 Applications

BSS techniques have been successfully employed in biomedicine, e.g. for the analysis of EEG,

MEG, ECG and fMRI data. In these applications, the linear mixture assumption is usually justified

by the physical principles of signal formation, and high signal propagation velocity allows to use the
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instantaneous mixture model [21]. Otherwise, nonlinear BSS or BD methods are used.

Electroencephalography (EEG):The brain cortex can be thought of as a field ofK tiny sources,

which in turn are modelled as current dipoles. Thej-th dipole is characterized by the location vec-

tor rj and the dipole moment vectorqj . The electromagnetic field produced by the neural activity

determines the potential on the scalp surface, sampled at a set ofM sensors. Denote thei-th sensor

location byr′i, and the potential it measures byvi. The mapping from the neural current sources to

the measured scalp potentials{qj , rj} → {vi, r′i} is usually referred to as theforward model, and

the measured potentials as theforward field. The forward model is linear in the dipole momentq.

Since the propagation velocity of electromagnetic waves is very large compared to head dimensions,

zero propagation time can be assumed. Hence, one can express the forward field at sensorj due to

dipole i as the inner productvi
j = gT

ij qj , wheregij = g(rj , r
′
i) is thevector kernelor the lead

field depending on the geometry and the electromagnetic properties of the head. By electromagnetic

superposition,vj =
∑

i v
i
j . AssumingT time samples ofv(t) = (v1(t), ..., vM (t))T are observed,

the entire spatio-temporal forward model can be expressed in matrix form as




v1(t1) ... v1(tT )
...

...
...

vM (t1) ... vM (tT )




=




gT
11 ... gT

1K

...
...

...

gT
M1 ... gT

MK



·




q1(t1) ... q1(tT )
...

...
...

qK(t1) ... qK(tT )




,

or V = GQ, whereV is anM × T matrix of the measured forward field,G is theM × 3K gain

matrix, which is assumed to be fixed in time, andQ is a3K × T matrix of current sources.

Typically, the number of sensors ranges from tens to hundreds, and the number of dipolesK in a

faithful forward model is larger by several orders of magnitude. As consequence, theinverse problem,

i.e. the problem of determining the entire set ofK current sources from the measured forward field

is underdetermined; however, many types of brain activity can be modelled as the forward field from

sets of spatially fixed (either localized or widely-spread around the cortical surface) concurrently

acting dipoles activated by temporally independent sources. Makeiget al. were the pioneers in using

ICA for separation of such sources [22]. ICA may determine what temporally independent activations
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compose the collected scalp recordings without specifying directly where in the brain these activations

arise. ICA has been shown particularly efficient for analysis ofevent-related potential(ERP) data [23]

and for removing encephalographic artifacts [24].

Magnetoencephalography (MEG):Similarly to EEG, the forward model in MEG is also essen-

tially linear. The sensors measure the vector of the magnetic fieldbj around the scalp. The forward

field at sensorj due to dipolei can be expressed asbi
j = Gij qj , whereGij = G(rj , r

′
i) is thematrix

kerneldepending on the geometry and the electromagnetical properties of the head. BSS can be used

for separation of independent temporal components in the same way it is used in EEG [21].

Electrocardiography (ECG): The mechanical action of the heart is initiated by a quasi-periodic

electrical stimulus, which causes an electrical current to propagate through the body tissues and re-

sults in potential differences. The potential differences measured by electrodes on the skin (cutaneous

recording) as a function of time is termedelectrocardiogram(ECG). The measured ECG signal can

be considered as a superposition of several independent processes, resulting, for example, fromelec-

tromyographicactivity (electrical potentials generated by muscles), 50Hz or 60Hz net interferences,

or the electrical activity of the fetal heart (FECG). The latter contains important indications about the

fetus health.

The transfer from bioelectrical sources to the electrodes can be considered linear and delay-less,

due to the high propagation velocity of electromagnetic waves. Cutaneous ECG voltage recordings,

v1(t), ..., vM (t), measured atM electrodes on the skin are given as a superposition ofN electrical

sourcess1(t), ..., sN (t):




v1(t)
...

vM (t)




=




g11 ... g1K

...
...

...

gM1 ... gMK



·




s1(t)
...

sN (t)




+




ξ1(t)
...

ξN (t)




,

whereξ(t) stands for additive noise, andgij are the transfer coefficients (conductivity) from sourcej

to electrodei. BSS method have been successfully used for separation of interferences in ECG data.

A particular success was demonstrated in separation of fetal ECG from mother’s ECG [25].
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Functional Magnetic Resonance Imaging (fMRI):The principle of fMRI is based on different

magnetic properties of oxygenated and deoxygenated hemoglobin, which allows to obtain ablood

oxygenation level dependent(BOLD) signal. The observed spatio-temporal signalq(r, t) of mag-

netic induction can be considered as a superposition ofN spatially independentcomponents, each

associated with a unique time courseβk(t) and a spatial mapsk(r). Each source represent theloci

of concurrent neural activity and can be eithertask-relatedor non task-related(e.g., physiological

pulsations, head movements, background brain activity, etc). The spatial map corresponding to each

source determines its influence in each volume element (voxel), and is assumed to be fixed in time.

Spatial maps can be overlapping.

ICA has been successfully used to separate either the independent spatial sources [26], or the

independent time courses. These techniques are usually known asspatialandtemporalICA, respec-

tively. In the spatial approach, fMRI dataq(r, t1), ..., q(r, tT ) acquired atT different times can be

considered as a superposition ofN independent source imagess1(r), ..., sN (r), mixed with different

contributions:




q(r, t1)
...

q(r, tT )




=




β1(t1) ... βN (t1)
...

...
...

β1(tT ) ... βN (tT )



·




s1(r)
...

sN (r)




+




ξ(r, t1)
...

ξ(r, tT )




,

whereξ(r, t) stands for additive noise. In the temporal approach the observed data is considered

asK time signalsq(r1, t), ..., q(rK , t), consisting of linear mixtures ofN independent time courses

β1(t), ..., βN (t):




q(r1, t)
...

q(rK , t)




=




s1(r1) ... sN (r1)
...

...
...

s1(rK) ... sN (rK)



·




β1(t)
...

βN (t)




+




ξ(r1, t)
...

ξ(rK , t)




,

whereK stands for the number of voxels. Combinedspatio-temporaltechniques maximize some

measure of independence over space and time simultaneously, without necessarily achieving inde-
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pendence over either of them separately [27]. The main advantage of BSS techniques over other

fMRI analysis tools is that there is no need to assume anya priori information about the time course

of processes contributing to the measured signals.

Suggested Reading

• J. Karhunen A. Hyv̈arinen and E. Oja. Independent Component Analysis. John Wiley and

Sons, 2001. – A comprehensive introduction to ICA. The book includes the fundamental

mathematical background needed to understand and utilize it. It offers a general overview

of the basics of ICA, important solutions and algorithms, and in-depth coverage of different

applications.

• S. J. Roberts and R. M. Everson, editors.Independent Components Analysis: Principles and

Practice. Cambridge University Press, 2001.– A self-contained book built as a structured

series of edited papers by leading researchers in the field, including an extensive introduction

to ICA. The major theoretical bases are reviewed from a modern perspective, current develop-

ments such as the SCA paradigm are surveyed and many case studies of applications, including

biomedical ones, are described in detail.

• J.-F. Cardoso. Blind signal separation: statistical principles.

Proc. IEEE, 9(10):2009–2025, October 1998. [Available Online].

http://www.tsi.enst.fr/˜cardoso/jfbib.html – One of the best review

articles on ICA. The author, one of the leading researchers in the field, gives a comprehensive

survey on different approaches to ICA and algorithms used therein.

• A. Hyvärinen. Survey on Independent Component Analysis.Neural Computing Surveys, 2:94–

128, 1999. [Available Online]http://www.cis.hut.fi/aapo/papers/NCS99web

– A comprehensive survey paper on ICA by a leading researcher in the field.

• T.-P. Junget al. Imaging brain dynamics using Independent Component Analysis. In
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Proceedings of the IEEE, vol. 89(7), pp. 1107–1122, 2001. [Available Online]

http://www.sccn.ucsd.edu/˜scott – A review article on biomedical applications

of ICA written by the pioneers of the field. The paper is based mainly on research of S. Makeig

et al. and highlights several important applications of ICA in EEG, MEG, ECG and fMRI.

Appendix: implementations of BSS algorithms

• A. Hyvärinen - fixed-point ICA (FastICA) algorithm (language: MATLAB)

http://www.cis.hut.fi/projects/ica/fastica

• M. Zibulevsky - Relative Newton algorithm (language: MATLAB)

http://iew3.technion.ac.il/˜mcib

• EEGLab - toolbox for processing and visualization of electrophysiological data. Includes an

implementation of the InfoMax BSS algorithm (language: MATLAB, C)

http://www.sccn.ucsd.edu/eeglab

Cross-references (incorporated in or identical to the article)

Blind deconvolution, See:Blind source separation: biomedical applications

Sparse component analysis, See:Blind source separation: biomedical applications

Index

blind source separation

mixing: linear, nonlinear, post-nonlinear, instantaneous, convolutive

blind deconvolution: MIMO, SIMO, SISO

short-time Fourier transform
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permutation

sparse representation

information maximization

contrast function: orthogonal, non-orthogonal, multi-unit, one-unit

identifiability conditions

independent component analysis: online, batch

independent factor analysis

Kullback-Leibler divergence

mutual information

entropy: differential, neg-

likelihood: maximum, quasi maximum, log-

sub-Gaussian

super-Gaussian

kurtosis

relative optimization

relative Newton: see relative optimization

relative gradient: see relative optimization

natural gradient: see relative optimization

sparse component analysis

References

[1] D. Pham and P. Garrat. Blind separation of a mixture of independent sources through a quasi-

maximum likelihood approach.IEEE Trans. Sig. Proc., 45:1712–1725, 1997.

[2] A.J. Bell and T.J. Sejnowski. An information maximization approach to blind separation and

blind deconvolution.Neural Computation, 7(6):1129–1159, 1995.

24



[3] P. Comon. Independent component analysis – a new concept.Signal Processing, 36(3):287–314,

1994.

[4] J.-F. Cardoso and A. Souloumiac. An efficient technique for blind separation of complex

sources. InProc. EEE SP Workshop on Higher-Order Stat., pages 275–279, 1993.

[5] M. Zibulevsky. Blind source separation with relative Newton method. InProc. International

Symposium on Independent Component Analysis and Blind Signal Separation, pages 897–902,

2003.

[6] A. Cichocki, R. Unbehauen, and E. Rummert. Robust learning algorithm for blind separation

of signals.Electronics Letters, 30(17):1386–1387, 1994.

[7] J.-F. Cardoso and B. Laheld. Equivariant adaptive source separation.IEEE Trans. Sig. Proc.,

44(12):3017–3030, 1996.

[8] S.-I. Amari, S. C. Douglas, A. Cichocki, and H. H. Yang. A new learning algorithm for blind

signal separation.Advances in Neural Information Processing Systems, 8:757–763, 1996.

[9] A. M. Bronstein, M. M. Bronstein, and M. Zibulevsky. Blind source separation using block-

coordinate relative Newton method.Signal Processing, 84(8):1447–1459, August 2004.

[10] A. M. Bronstein, M. M. Bronstein, M. Zibulevsky, and Y. Y. Zeevi. Blind deconvolution of

images using optimal sparse representations.IEEE Trans. Image Processing, 14(6):726–736,

June 2005.

[11] A. M. Bronstein, M. M. Bronstein, and M. Zibulevsky. Relative optimization for blind decon-

volution. IEEE Trans. Signal Processing, 53(6):2018–2026, June 2005.

[12] A. Hyvarinen and E. Oja. A fast fixed-point algorithm for independent component analysis.

Neural Computation, 9(7):1483–1492, 1997.

[13] M. S. Lewicki and T. J. Sejnowski. Coding time-varying signals using sparse, shift-invariant

representations.Advances in Neural Information Processing Systems, 11:730–736, 1999.

25



[14] M. Zibulevsky and B. A. Pearlmutter. Blind source separation by sparse decomposition.Neural

Computation, 13(4), 2001.

[15] M. Zibulevsky, P. Kisilev, Y. Y. Zeevi, and B. A. Pearlmutter. Blind source separation via

multinode sparse representation.Advances in Neural Information Processing Systems, 12, 2002.

[16] A. M. Bronstein, M. M. Bronstein, M. Zibulevsky, and Y. Y. Zeevi. Sparse ICA for blind

separation of transmitted and reflected images.International Journal of Imaging Science and

Technology, 15(1):84–91, 2005.

[17] H. Attias. Independent factor analysis.Neural Computation, 11(4):803–851, 2001.

[18] P. Smaragdis. Blind separation of convolved mixtures in the frequency domain.Neurocomput-

ing, 22:21–34, 1998.

[19] N. Mitianoudis and M. Davies. Permutation alignment for frequency domain ICA using sub-

space beamforming methods. InProc. International Symposium on Independent Component

Analysis and Blind Signal Separation, 2004.

[20] S. Harmeling, A. Ziehe, M. Kawanabe, B. Blankertz, and K.-R. Muller. Nonlinear blind source

separation using kernel feature spaces. InProc. International Symposium on Independent Com-

ponent Analysis and Blind Signal Separation, 2001.

[21] T.-P. Jung, S. Makeig, M. J. McKeown, A. J. Bell, T.-W. Lee, and T. J. Sejnowski. Indepen-

dent component analysis of biomedical signals.Imaging brain dynamics using Independent

Component Analysis, 89(7):1107–1122, 2001.

[22] S. Makeig, A. J. Bell, T.-P. Jung, and T. J. Sejnowski. Independent component analysis of

electroencephalographic data.Advances in Neural Information Processing Systems, 8:145–151,

1996.

26



[23] S. Makeig, T. P. Jung, A. J. Bell, and T. J. Sejnowski. Blind separation of auditory event-

related brain responses into independent components.Proc. of National Academy of Sciences,

94:10979–10984, 1997.

[24] T.-P. Jung, C. Humphries, T. W. Lee, M. J. McKeown, V. Iragui, S. Makeig, and T. J. Sejnowski.

Removing electroencephalographic artifacts from by blind source separation.Psychophysiol-

ogy, 37:163–178, 2000.

[25] V. Zarzoso, A. K. Nandi, and E. Bacharakis. Maternal and foetal ecg separation using blind

source separation methods.IMA Journal of Mathematics Applied in Medicine and Biology,

14(3):207–225, 1997.

[26] M. J. McKeown, S. Makeig, C. G. Brown, T.-P. Jung, S. S. Kindermann, and T. J. Sejnowski.

Analysis of fMRI by blind separation into independent spatial components.Human Brain Map-

ping, 6(3):160–188, 1998.

[27] J. V. Stone, J. Porrill C. Buchel, and K. Friston. Spatial, temporal, and spatiotemporal in-

dependent component analysis of fMRI data. InProc. 18th Leeds Statistical Research Work-

shop on Spatial-temporal modelling and its applications, 1999. Online: http://www.shef.ac.uk/

pc1jvs/papers published.html.

27



s
1

s 2

sources

x
1

x 2
mixtures

y
1

y 2

PCs

s
1

s 2

sources

x
1

x 2

mixtures

y
1

y 2

PCs

A 

B 

Figure 1: PCA applied to mixtures of two different kinds of sources: Gaussian (A) and uniform (B).
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Figure 2: The difference between PCA and ICA on non-Gaussian sources.
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Figure 3: Sparse sources (left), their mixtures (center) and the mixtures scatter plot (right).

 
 
 
 
 
 
 

Figure 4: Linear mixing model in fMRI.
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