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Abstract

Blind deconvolution is an important task for numerous applications in acoustics, signal
processing, communications, control, etc. In this work, we study a relative optimiza-
tion framework for quasi-maximum likelihood single-channel blind deconvolution and
relative Newton method as its particular instance. A smooth approximation of the abso-
lute value is considered for deconvolution of super-Gaussian sources. Special Hessian
structure allows fast approximate Hessian construction and inversion with complexity
comparable to that of gradient methods, and sequential optimization with gradual re-
duction of the smoothing parameter makes the proposed algorithm very accurate. We
also propose the use of rational 1IR restoration kernels, which constitute a richer fam-
ily of filters than the traditionally used FIR kernels. Simulation results demonstrate the
efficiency of the proposed methods.

Notation

The following notation is adopted in this work: time signals are denoted by lowercase italic
and indexed starting from = 0 unless stated otherwisé&Z-transform domain representa-

tions of signals are denoted by uppercase italic and are exchangeable with the corresponding
time-domain representations. Vectors and matrices are denoted by lowercase and uppercase
italic, respectively, and indexed starting from= 0 unless stated otherwise. The following
notation is used:
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Time domain signals for = 0,1, ....
Z-transform domain domain represenation:Qf

Application of an LTI kernep to signalz.

Identity matrix of sizeV x N.

Transpose of a matriA.

Complex conjugate of a matriA.

Hermitian transpose of a matrix.

Diagonal matrix with elements; along the main diagonal.

First-order derivative of (¢) with respect ta.
Second-order derivative g¢f(¢) with respect ta.

Partial derivative off with respect toc.

Second-order partial derivative @gfwith respect tar andy.

Gradient off with respect tor atz = x.
Hessian off with respect tar atz = xy.

Application of an operata to signalz.
Mirror operator of sequencgr, }. .
Dirac Delta function.

Kroenecker delta sequence.
Expectation value of a random variahble

The following abbreviations are used in this paper:

CDF
DFT
FIR
FFT
ii.d.
IR
IS|
ML
OLA
PDF
SIR
SNR

Cumulative Distribution Function
Discrete Fourier Transform
Finite Impulse Response

Fast Fourier Transform
independent identically distributed
Infinite Impulse Response
Inter-Symbol Interference
Maximum Likelihood
Overlap-and-Add

Probability Density Function
Signal to Interference Rate
Signal to Noise Rate
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Figure 1: Schematic representation of the deconvolution problem.

1 Introduction

Blind deconvolutiorproblem appears in various applications related to acoustics, optics,
geophysics, communications, control, etc. In comunications, thel&naeh channel equal-
izationis more common, as the main interest lies in retrieving the gatansmitted over a
dispersive communication channel [1, 2, 3, 4, 5]. In control, blind deconvolution is usually
known asblind identification since the main interest lies in obtaining a model of the system
[6, 7, 8], whereas in acoustics, optics and geophysics the liénth deconvolutions more
adeguate, since the goal is to "undo” the influence of a system by finding its stable inverse.

The general setup of the single-channel blind deconvolution problem is presented in Fig-
ure 1. The observed sensor signak created from thesource signak passing through a
causal convolutive system described by the impulse response

Tp = Z Wy Sp—k T Un, (1)
k=0

whereu is the additive sensor noise. The setup is terrbld if only x is accessible,
whereas no knowledge am, s andw is available. The problem of blind deconvolution
aims to find such a deconvolution (or restoration) kefnehat produces a possibly delayed
waveform-preserving estimate ef

)
gn = Z hk Tp—k = C* Sp—A, (2)
k=0

wherec is a scaling factor and is an integer shift. Equivalently, trggobal system response
should be approximately a Kroenecker delta, up to scale factor:
gn = (wWxh),=c 0p_na. (3)

A commonly used assumption is thais non-Gaussian.

1.1 Prior work

The majority of blind deconvolution methods described in literature focus on estimating
the impulse response of the convolution systémz) from the observed signal using a
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causal finite length (FIR) model and then determining the source signals from this estimate
[9, 10, 7, 11, 12]. Many of these methods use batch mode calculations and usually suffer
from high computational complexity.

In their fundamental work, Amaret al. [13] introduced a time-domain blind decon-
volution algorithm based on the natural gradient learning algorithm, which was originally
proposed in context of blind source separation [14] and became very attractive due to the so-
calledequivariant property15, 16]. Thanks to this property, convergence of natural gradient
algorithm depends only on the current global system response. The natural gradient algo-
rithm estimates directly the inverse kerrié(z) = W~!(z) and allows real-time processing.

In [17], a generalization of the algorithm for multichannel case was presented. Efficient
frequency-domain implementations were derived in [18, 19, 20, 21].

One of the most serious disadvantages of gradient methods is their relatively slow con-
vergence [22, 23]. In this work, we present a blind deconvolution algorithm based on the
relative Newton method, originally proposed in the context of sparse blind source separation
in [24, 25]. We utilize special Hessian structure to derive a fast version of the algorithm with
complexity comparable to that of gradient methods. We will first consider a batch mode ver-
sion, which will be then extended for online processing. The online version of the algorithm
is capable to handle time-varying convolutive systems.

We extend the classical works that limit their attention to causal FIR deconvolution ker-
nels by considering the use of rational causal deconvolution kernels of the form

B(z)  byt+biz ' by 2D
A(z) B ap + ap 27l 4+ an—1 »—(M-1)’

H(z) (4)

where,N — 1 andM — 1 are the respective orders of the numerator and denominator. The
use of the all-pole parti(z) together with the FIR paiB(z) yields a richer family of filters
and generally allows to express the restoration kernel with less coefficients.

2 Quasi-maximume-likelihood blind deconvolution

Under the assumption that the restoration ketét) is stable [26] and the source signal
is real and i.i.d., the normalized minus-log-likelihood function of the observed sigisal
[13, 17, 27]

- T-1
flabia) = —o- [ log|HE) a8+ 13" 6 0. ©

n=0

wherey,, = H(z) [z,] is a source estimatg(-) = —log p (), wherep(-) is the probability
density function of the source,. In this paper, we consider a stable restoration kernel



H(e®) = B0 where

A(ezé))
M-1
A(ew) — a, e—me
n=0
N-1
B(eiﬁ) — bn efina (6)
n=0

are the discrete-time Fourier transforms of the denominator and numerator polynomials, re-
spectively. Cost function (5) can be also obtained using negative joint entropy [13, 17] and
information maximization [28] considerations.

2.1 Choice ofo(-)

Consistent estimator can be obtained by minimizfiig, b; ) even wheny(-) is not exactly

equal to—logp (-). Suchquasi-ML estimatiorhas been shown to be practical in instan-
taneous blind source separation when the source PDF is unknown or not well-suited for
optimization. For example, when the source is super-Gaussian (e.g. it is sparse or sparsely
representable), a smooth approximation of the absolute value function is a good choice for
o(-) [29, 30, 31]. In this work, we focus our attention on super-Gaussian sources and use
smooth approximation of the absolute value. To approximate the absolute value, we use a
family of convex smooth functions

o) = - iog (14 5]) )

with \ a positive smoothing parameter [25];(t) — |t| asA — 0T (see Figure 2). The
derivatives ofp,(t) are

o\(t) = signt - (1 — ﬁ) (8)
)

14

(1) = <1+7>_2, (9)

and it can be shown that, (¢) — signt and¢}(t) — 5x6(¢) asA — 0. For convenience,
we will henceforth omit\ from our notation and will refer t@,(-) as tog(+).

In case of sub-Gaussian souregst) = |t|* for k > 1 is a good choice fon(-). For
example, when sources are uniformly distributed, increade refines the approximation
and in the limitk — oo, ¢, (t) approaches minus log PDF (see Figure 3).
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Figure 2: The smooth approximation of the absolute value and its first- and second-order
derivatives for different values of. Dashed lines show the limit — 07,
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Figure 3: The non-linearity suitable for sub-Gaussian distributions and its first- and second-
order derivatives for different values bf Dashed lines show the limit — oc.



2.2 Approximation of the log-likelihood function using the FFT

In practice, the first term of (a, b; x) containing the integral is difficult to evaluate; however,
it can be approximated to any desired accuracy by

L/ B(e") 1 & B, 1 et ) ,
— [ g~ — Y log|=t = —— ¥ log|Bi* —log | A, (10
27r/_7r o8 A(e®) Np kZ_O 08 ALl 2Ng kz—o og |Bx|” — log |Ax[", (10)
where
A, = A(&%)
j2mk
B, = B(e NF) (11)
are the DFTA, coefficients of the sequences= {a, }2 " andb = {b,}"_', respectively,

zero-padded tdVr. The approximation error vanishes &g grows to infinity. It is conve-
nient to chooséV to be an integer power of 2, since in this caseand B, can be computed
efficiently using the FFT. For convenience, we will henceforth refer to the approximate target
function as tof (a, b; ). Furthermore, we will define

NF—I
fi = Y log|Bil’ —log | Ay (12)
k=0
T-1
=Y by (13)
n=0
Using this notation, the objective function becomes
J o= ot (14)
Y S

Optimization algorithm described in Section 3 requires knowledge of the gradient and
the Hessian off, which are given in the following propositions (for proofs see Ap-
pendix A.1 -A.3):

Proposition 1 The gradient and the Hessian fif(a, b; z) with respect ta:, b are given by

and

H
v2 — aa
fl |: be :| )
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where
Hy = — (@4 diag{4"}") @, — @4 (diag {4} ©,)°
Hy = (@f diag{B"}") ®p+ o (diag {B"} o),

o and ®LZ are DFT matrices of sizesNr x M and Nrp x N, re-
Spective|y; A = [ Aal AJ_V;—l }T, B = [ BO_1 B;[;_l ]T,
A= [ A% AV TandB = - [ B2 .. By, .

Proposition 2 Let y be the source estimate given y = B(z)A~'(2) [x,]. Its first- and
second-order derivatives with respectitpandb,, are given by

OaYn = Oaglyn—i = (z) [yn Z]
8b Yn = aboyn i — =A" 1<Z> [.CC ]
2

(ﬁiajyn = aQOyn i—j = 2A° (Z) [yn i ]}
02y tn = Ofpn-ioj = —A72(2) [Tnoiry]

Proposition 3 The gradient and the Hessian ff(a, b; z) with respect tai, b are given by

[ j (0a0yn * j¢/)0 i

J( aoyn*j¢/)M 1

Vi j<aboyn*j¢ 0

L j(@boyn * j¢/)N—1 i
and

Hoq + Hy, — Hyy + Hy,

Vify = :
f2 (Hlb + Hgb) Hyp

where

(H;a)ij = J (aaoy" * jaj)i
(Hga)i]’ = J (520yn * j¢/)i+j



fori,j=0,..,M —1;

(H;b>ij = J (aboyn *jo‘j)z‘
(H§b>ij = ‘-7 (al?oyn * j¢/)

i+j

(Hyw)y; = T (Obotyn * TF),

fori,j = 0,.,N =1, ¢ = [ () dn) .. ¢(yr) 1", ad = " (4n) DuYni,
B2 = ¢"(yn) Opyyn—; @andJ denotes the mirror operator.

2.3 Computational complexity

Application of the deconvolution filter can be split into application of an FIR filé¢r) of
order N — 1 followed by application of an all-pole IIR filted(z) of order M — 1. Itis
reasonable to assume that the length of the input signal is significantly larger than the order
of the deconvolution kernel, which particularly implids< T'. In such a case, convolution
with B(z) can be efficiently implemented using tbeerlap-and-addOLA) method [26],
whose complexity is approximately/” log, N, neglecting edge effects. Application of the
all-pole filter A(z) to the input signal requires abolif 7" operations.

Computation of the gradient and Hessianfgfinvolves convolution of two sequences
of lengthT" and cropping the resulting sequenceltdwhich is eitherdM or N). For L <
6log T, it is preferable the direct implementation of the convolution, which takes alibut
operations. For larget’s, it is more efficient to perform the convolution using the FFT,
which takes abouiT log T" operations. We will denote by

C(L,T) = min{L,6log,T}-T (15)

the complexity of the cropped convolution.

Evaluation of f; demands computation d¥x DFT coefficientsA,, B, and application
of log| - |?, whose complexity will be denoted by;, to each of them. This results in
2Ny log, Nr + 2k, N operations. Evaluation of, requires computation af,,, which in-
volves application ofA(z) and B(z), followed by application of)(-) to T elements ofy,,.
This results indT'log, N + MT + kT operations, wherg stands for the complexity af(-).

Evaluation ofV f; involves computation of the coefficienty , B, and application oft
FFTs of lengthNg, which results ik Ny + 4N log, Nr operations, where complexity of
complex division is considered equal to that of complex multiplication. Evaluation fof
requires

1. Computation of the sequengé by applying¢'(-) to the sequence,,, which was
computed previously.
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2. Computation of the partial derivativés,y,, anddy,y,,, which require application of
A~1(2) toy, andz,, respectively.

3. Two cropped convolutions of the two partial derivative sequences with the sequence

P

Step 1 requireg’l" operations, wherg’ stands for the complexity af’; Step 2 take@MT
operations; and Step 3 také§ M/, T') + C(N,T') operations, resulting in total iaM 7" +
C(M,T)+ C(N,T) + K'T operations.

Evaluation of V2 f; requires computation of the coefficientd, B, and application of
8Ny FFTs of lengthVy. This results iRk N + 8Nz log, N operations. Evaluation 6F? f,

requires

1. Computation of the sequengg,
2. Computation of the sequences, (3.

3. M + N cropped convolutions of the partial derivative sequergeg, anddy, v, (pre-
viously computed) withy!”.

4. Computation of the second-order partial derivative seque?jgg,sandagoboyn, which
require application ofi~!(z) to 9,,y,, andd,,y,, respectively.

5. Two cropped convolutions for computation&fandr,, .

Step 1 requires”T operations, wheré” stands for the complexity af”; Step 2 takes

(M + N)T operations; Step 3 taked - C(M,T) + N - C(N,T) operations; Step 4 takes
2MT operations; and Step 5 tak€$2M —1,7)+C (M + N —1,T) operations, resulting in

total in (k" +3M +N)T'+M-C(M,T)+N-C(N,T)+C(2M —-1,T)+C(M+N—1,T)

operations.

The overall complexity is summarized below:
f : 2Nplogy Np + 2k, Np + 4T logy N + MT + kT
Vf : 2Np+4Nglog, Np +2MT + C(M,T)+ C(N,T) + k'T

V2f : 2Ng+8NZlogy Np + (K" +3M + N)T +
+M-C(M,T)+N-C(N,T)+C2M -1, T)+C(M+N—-1,T)

In our implementation, the constarts, k, &’ and k” were experimentally evaluated as
kr = 3.30+£0.25%, k = 8.80 £ 1.10%, ¥’ = 1.57 £ 1.65% andk” = 2.10 £+ 0.77%.
Generally,N ~ M andNp ~ 10N. WhenT > M, N, one has the following complex-

f o (dloggy N+ M+ k)T
Vi + BM+N+K)T
Vif o (M*+ N* +6M+2N +k' —2)T
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In this case, Hessian construction is more computationally difficult than Hessian inversion,
which is O (M3 + N3). It can also be seen that the deconvolution filter numeratar)
of length N contributes less to the overall computational complexity than the denominator
A(z), whose length is\/.

WhenT ~ M ~ N andNr = 10N, one has the following complexity:

f : N?+24Nlog, N + (20kr, + k + 201log, 10) N
V1 2N% 4 (20 + K + 40log, 10)N + 42N log, N
V2f @ 804NZ?logy N + 4N? +8001log, 10 - N2 + (20 + k)N

2.4 Normalization of the restoration kernel

Let a*, b* be a minimizer off(a,b; x). Then, for every constarit # 0, the coefficients
k- a* k - b* are also minimizers of (a, b; z). For numerical stability, it is desirable to fix
the arbitrary scaling of the nominator and the denominator polynomials to some constant
value. This can be done by forcing, for exam@je= 1. The gradient and the Hessian of the
objective function have to be modified by removing the first element from the gradient, and
the first row and column from the Hessian. Restoration kernel normalization does not affect
the computational complexity except a negligible factor.

We will henceforth assume that the restoration kernel is normalized only whenever the
normalization implies significant changes, which are not straightforward. In rest of cases, no
normalization will be assumed for simplicty.

3 Relative Newton algorithm

In [25], a fast relative optimization algorithm for blind source separation based on the New-
ton method was introduced. Here we introduce a relative optimization framework for blind
deconvolution. We will first describe the general relative optimization algorithm and the
block relative optimization method for online processing. Next,rilative Newtoralgo-
rithm, using a Newton step in the relative optimization framework will be introduced. A fast
version of the relative Newton step will be studied in Section 5.

3.1 Relative optimization algorithm

The main idea of relative optimization is to iteratively produce source signal estimate and use
it as the observed signal at the next iteration. For convenience, let us represent the restoration
filter in the Z-transform domain, denoting b¥(z), A(z) and B(z) the Z-transforms of,

a andb, respectively. The relative optimization algorithm has the following form:
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Relative optimization algorithm

1. Start with an initial estimat&© (), A (z) of the restoration filter numerator and
denominator, respectively; and the observed sigﬁoélz T

2. For k =1,2,..., until convergence

3. Compute current source signal estimatg’ = ﬁﬁﬁiiiﬁji [xﬁf’l)}.

4. Starting withA(z) = B(z) = 1 (identity filter), compute the vectors of numer-
ator and denominator coefficien3*)(z), A®)(z) producing one or few steps of a
conventional optimization method, which sufficiently decrease the objective function

f(A(z), B(z2); x%k))
5. Update the estimated restoration filtéF") (») = fi:—;ggH(’ﬂ—U(z)
6. End For
This method allows to construct large restoration kernels of the form

BO(2)BW(z) - ...- BF)()
A0 () AD(2) - ... - AF)(2)

with high-order numerator and denominator using a set of relatively low-order factors

H(z) (16)

AR (2)

K

{BW(Z)} . Another remarkable property of the relative optimization algorithm is its
k=0

equivariance, stated in the following proposition:

Proposition 4 The relative optimization algorithm is equivariant, i.e. its convergence at
iteration k£ depends only otr* =Y (2) = W (2) H*=Y(2).

Proof of this proposition is straightforward, since Step 4 and the update in Step 5 do not
depend explicitly ori¥/(z), but on the currents global system response [17].

3.2 Block relative optimization

Main disadvantage of the relative optimization approach is that it treats the observed:signal
as awhole, not allowing thus on-line processing. In some cases the input signal might be very
long, which makes the algorithm impractical. A possibility to overcome these difficulties is
to partition the input into blocks and estimate the restoration kernel for the current block
using the data of the previous block and the previous restoration kernel estimate. Let us
assume for simplicity that the input signal is partitioned into equally sized blocks, denoted
by 2 = {z,}** )" for k = 0,1,2, ..., whereL is the block length. The block relative

n

optimization algorithm has the following structure:
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Block relative optimization algorithm
1. Initialize HO (z) = 1, 21 = {z,}] 7).
2. Fork=0,1,2, ..

3. Starting withA(z) = B(z) = 1, compute the vectors of numerator and denominator
coefficients producing one or few steps of a conventional optimization method, which
sufficiently decrease the objective functippA(z), B(z); z¥).

4. Update the estimated restoration filt&f"+1) (z) = fgng ®)(2).

5. Update the next block:**!) = H*+V(2) [x,] forn = kL, ..., (k+ 1)L — 1,
6. End For

The signak = [z, 211, .. zI"!| ] produced by the algorithm with delay 6fsamples with
respect to the input is the adaptive estimate of the source sigB&ick relative optimization
algorithm can also treat cases when the input signialproduced as a result efpassing
through aime-varyingconvolution system. In this case, the estimated restoration kernel will
not converge to a constant filter, but will also vary with time.

The blocks should be long enough to provide sufficient statistics for faithful source signal
estimation, yet they should be as short as possible to avoid long delays, undesired for online
processing. Block length also dictates how fast the restoration kernel can vary with time;
shorter blocks allow faster variability. A reasonable order for the block length is dbout
times the effective length of the restoration kernel impulse response; particilady,0 N
if the restoration kernel is a FIR filter.

3.3 Limited memory version

Both the batch mode and the block version of the relative optimization algorithm assume
infinite memory and produce a restoration kernel of order growing at each iteration. In real
applications it might be necessary to limit the numerator and denominator order to some
finite numberK < L. This can be done by replacing the update

AR (2) = A(2) AW (2)
B*(2) = B(2) B (2) (17

with a cropped version

D = (b™ xb) (18)

forn=0,...,K —1.
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3.4 Newton method

Newton method is an efficient tool for unconstrained optimization, which often provides very
fast (quadratic) rate of convergence. We will first consider the standard Newton method;
later we will see how its use in the relative optimization framework allows to overcome the
difficulty emerging from the computationally expensive Newton iterations.

In the standard Newton approach, the directicat each iteration is given by solution of
the linear system

Hd = —g, (19

whereH = V2 f(v;z) is the Hessian of , g = V f(v; z) is the gradient and = [a, )T is

the vector of optimization variables. Since the objective function is non-convex, in order to
guarantee descent direction, positive definiteness of the Hessian is forced by using modified
Cholesky factorization, which finds such a diagonal makixthat the matrixd + R is
positive definite, and provides a solution to the modified system

(H+ R)d = —g. (20)
Having the directioni, the new iterate™ is given by
vt = v+ av, (21)

wherea is the step size determined by either exact line search
a = argminf(v + ad;x), (22)

or by backtracking line search:

Backtracking line search

a:=1

While f(v+ ad;z) > f(v;z) + BaV f(v;z)Td
a =y

End While

where and~ are constants. The use of line search guarantees monotonic decrease of the
objective function at every iteration. In our implementation, we used the backtracking line
search with3 = v = 0.3. It should be noted that when the gradient norm becomes very
small (say, belowi0~°), computational inaccuracies make the line search inefficient. For
this reason, we used the Newton direction as is (i.e. chosel) when the gradient norm

fell below 107.

When the Newton method is used to minimigewhere the IR part of the restoration
kernel is non-trivial (i.e.M > 1), special precautions must be taken to guarantee stability
of A(z), otherwisef, is liable to take huge, numerically untractable values. In Section 4 it
will be described how to modify the backtracking line search in order not to "fall out” of the
stability region.
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3.4.1 Frozen Hessian

For medium-scale problems, tfrezen Hessiamethod was found efficient [32, 33]. It con-
sists of "freezing” the Hessian in the Newton method for sdihierations, i.e. once com-
puted, the Hessian is used in the né&xt- 1 iterations. The Hessian is therefore constructed
and Cholesky factorization is performed evédtyth iteration and the obtained factors are
used to solve the Newton system in the ngxt- 1 iterations, using the gradient computed
at each iteration.

3.4.2 Block-coordinate update

Yet another method to avoid large computational complexity associated with the Newton
system solution in medium-scale problems is to bkek-coordinate updateThe method
consists of iteratively updating each time a different block of the optimization variables vec-
tor [34, 35]. The update is performed using the Newton step on the variables of the current
block and assuming the rest of the variables fixed. The size of the Newton system is therefore
equal to the block size. This allows to overcome the difficulties associated with solution of
large Newton system.

Below is presented a particular case when equally-sized consequtive blocks ar& used.
denotes the block size and for simplicity we assume that the optimization variableswector

is composed of such blocks. We also denote by thel-th block of v, w; = {vi}g}{)K_l.

Block-coordinate Newton algorithm

1. Initialize the algorithm with some initial gues$).

2. For k= 1,2, ..., until convergence

3.Fori=0,2,....L—1

4. Update thel-th block of v*~1, wl(’“_l) by performing a Newton step on a
K-dimensional vector of optimization variables, starting withwl(’“’l) and fixing
the rest of the variables.

5. End For

6. End For

In [35], block-coordinate Newton step was used in the relative optimization framework
for quasi-maximum likelihood blind source separation, and it was demonstrated that the
block-coordinate method usually yields faster convergence. The issue will be discussed in
Section 5.4.
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3.5 Relative Newton method

Newton method can be used as is to find the restoration kernel that minihiz&sother
possibility is to use Newton method in Step 4 of the relative optimization algorithm (or on
Step 3 of the block relative optimization algorithm). The latter possibility is advantageous,
since it allows to construct a high-order restoration kernel using relatively low-order fac-
tors. This, in turn, implies solution of smaller optimization problems. Further advantage was
found in using a single Newton step for unconditional optimization in the relative optimiza-
tion algorithm [25] or in the block relative optimization algorithm. These algorithms will be
termed henceforth aslative Newtorandblock relative Newtomethod, respectively.

However, for largel’, Hessian construction becomes computationally difficult and for
large M, N complexity of Hessian inversion required to compute the Newton direction may
make the use of Newton method infeasible. In Section 5, we will show a fast version of
the relative Newton step, which exploits the Hessian structure in the neighbourhood of the
solution and the initializatiomd(z) = B(z) = 1. This significantly reduces computational
complexity of both Hessian construction and inversion, and allows to perform the Newton
step with complexity of the order of gradient descent methods.

4 Forcing stability of the restoration kernel

In Section 3 we have seen the relative optimization framework, in which filter coefficients
a andb optimal in the sense of (a, b; 2) were found over R x RY. However, in reality
we are interested only istablerestoration filters, i.e. such filters, whose impulse response
satisfies
nlinolo h, = 0. (23)

The sufficient and necessary condition for restoration filter stability is that all the roots of the
polynomial A(z) are inside the unit circle [26]. We will henceforth term such a polynomial
asstable

In the relative optimization framework, the restoration filter found at the end of the algo-
rithm is given by (16), wheret®)(z), B%)(z) are polynomials of ordet/ — 1 andN — 1,
respectively. Since the kerneﬁé&% found at first iterations are nearly random, a necessary

condition that the zeros and the pole A< ))8 can be cancelled by the poles and the zeros,

respectively, 0?:138?::38 This implies that the kern f:;g has to be invertible for

everyk, i.e. bothA® (z) and B%*)(z) has no roots outside the unit circle (Figure 4). When
M = N, the subspace of filters of the for j) with stable non-zerol(z) and B(z) forms

a group with the multiplication operator. We will first introduce a barrier function, which
defines the stability region of an arbitrary polynomialz). Later, we will show how to
force stability of the restoration kernel using the stability barrier.
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Figure 4:Z-plane representation of the restoration kernel zeros (circles) and poles (crosses):
a. bothA(z) and B(z) are stable; b.A(z) is stable,B(z) is unstable; c.A(z) is unstable,
B(z) is stable; d. both(z) and B(z) are unstable;
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4.1 Stability barrier

Given a polynomialP(z) = pg + p1z~! + ... + pxz~ X of order K, let us compute the
impulse response, of the all-pole IIR kernelP~!(z) on some finite, yet sufficiently long
time intervalt =0, ..., Ng — 1

¢ = Z'{P'(2)}. (24)

Obviously, whenP(z) has roots outside the unit circlgy,| grows withn. Let us define a
convex barrier function

Ng—1

fs(P(z); Ns) = Nis > lanl- (25)
n=0

When N is sufficiently large,fs grows very fast ifP(z) has roots outside the unit circle,
being typically

i —1

LS —— 26
where|r| is the largest root of?(z). When Ng — oo, fs approaches the ideal barrier

function

0 : P(z)isstable

oo : P(z)isunstable (27)

(Pe) = |

Figure 5 depicts the behavior ¢ for a simple first-order kernel.

In practice,fs given by (25) is difficult for optimization, since it contains absolute val-
ues. However, we can use the smooth approximatiQn-) to substitute the absolute value,
namely,

Ng—1

F(PE) & 5= X o) (28)

Since the approximate absolute value is used to reflect merely the order of magnityde of
the smoothing parametag in ¢, (-) does not need to be very small (in our implementation
As = 1 was used), which makes the optimization less difficult. To simplify the notation, we
will denote byfs the non-normalized version gf;, i.e.

Ng—1

fs(P(2)) = > drslan), (29)

and refer to the stability barrier function asﬁo;fs . We will also omit\s wherever possible.
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Figure 5:log,, fs of a first-order kerneP(z) = 1+ (1 +¢€)z~! plotted as a function of for
different values ofVg.

It must be noted that unless= 0,b = 0, the second ternf; in the objective function
acts as a stability barrier for the denominator of the restoration kerné(zIfis unstabley,,
grows exponentially witm and the sum of absolute vaIuEf;é ly.| becomes very large.
Therefore, the barrier has to be used to impose stabilify(af only, yielding the following
modified objective function

1

f(a,b;x) = _2NF

filabia) + - alasbia) + 3 fs(b), (30)

wherevg < 1is a parameter that can be used in practice to reduce the influefigavdhout
the need to increas¥s too much.

Figure 6 (left) depicts the value gffor W (z) = 1 + 0.52~! applied to a 1000-sample
long source signal and all-pole restoration kernel of the féffa) = ﬁ It can be seen
that whena; approaches stability marging,;(= +1), the objective function grows very fast,
becoming about(0%® for a; = 1.1. The minimum off is obtained for;, ~ 0.5 as expected.
Figure 6 (middle) depicts the value gfwithout stability barrier fodl/(z) = m# and
FIR restoration kernel of the forff (z) = 1 + b;2~'. In contrast to the previous case, here
the function takes finite values on and beyond stability regiafi @f). When stability barrier
is added to the objective function (Figure 6, righf)grows very fast a,; approaches1,
yet having negligible influence on the valuesfoinside the stability region and location of
the minimum.

The gradient and the Hessian ff(b) with respect taz are equal to zero, whereas the
gradient and the Hessian with respect tare given in the following proposition (for proof

see Appendix A.4):
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Figure 6: Left: f(a = [1,a:],b = 1;z) as function ofa; for source filtered with the FIR
kernel W(z) =1+ 0.5z, Middle: f(a =1,b=[1,b];z) without stability barrier for
W(z) = (1+0.52"1)"". Right: the same fof with stability barrier.

Proposition 5 The gradient and the Hessian §§(b) with respect ta are given by

T (hag * T¥s),
Vs = :
T (haq * Td's) y_4
and
(szs)ij = J (haq * j’Yj)i + J (ho2g * -.7¢ig)z-+j
for 7’7] = 07 7N - 11 (be' - [ ,)\S<q0) I)\S(Q1) l)\s(qNS—l) }T,

¥, = 5, (an) hag(n — j) and 7 denotes the mirror operator.

4.2 Stability-conditioned line search

When stability of A(z) and B(z) is imposed, the line search used at each Newton step has
to be modified in such a way that no search will be performed outside the stability region of
A(z) andB(z):

Stability-conditioned backtracking line search

a:=1

While f(v+ ad;x) > f(v;z) + BaV f(v;2)Td or v+ adis unstable
a =y

End While

The easiest way to determine polynomial stability is to evalyiatat each iteration. Hence,
the condition v+ ad is unstable” readgs(a) > R or fs(b) > Ry of f(v+ad;z) > Re,
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where

a = {v+adi=)"1
b = {v+adhzy ™ (31)
are current restoration filter coefficients aRlq is a very large real number, which is infinity

for any practical use. The conditigitv+ad; x) > R, is added to avoid numerical problems
caused by very large values of the objective function, which occur outside the stability region.

4.3 Computational complexity

Evaluation offs(B(z); Ng) involves at first application of an all-pole IIR filter of ordéf
to a vector of lengthVg with one atn = 0 and zero otherwise. This produces the sequence
¢, and requires abouYs N operations. Nextp(-) has to be applied tg,, requiring in total
kNgs operations. Therefore, evaluation f3f requires(Ng + k) N operations.

Evaluation ofV fs requires:

1. Application of¢/(-) to the previously computed sequengg which produces the se-
quencep,,.

2. Application of B~!(z) to the sequencg,, to produce the kernéls.
3. Cropped convolution of the kernkj, with the sequence),.

Step 1 requires’ Ng operations; Step 2 takes abadit, N operations; and Step 3 takes
C(N, Ng) operations, yielding in total abott’ + N ) Ng+C(N, Ng) operations for gradient
evaluation.

Evaluation ofV? f5 requires:

1. Computation of the sequengg,

2. Computation of the sequences

3. N cropped convolutions of the kernie}, (previously computed) withp,..

4. Computation of the kernélyz, which require application aB~*(z) to hyg.
5. Cropped convolution for computation §f.

Step 1 require” Ng operations; Step 2 takegs N operations; Step 3 takeés - C'(N, Ng)
operations; Step 4 take€s N operations; and Step 5 tak€$2N — 1, Ng) operations, re-
sulting in total in(k” + N)Ng + N - C(N, Ng) + C(2N — 1, Ng) operations for Hessian
evaluation.

Normally, Ng is desired to be at least one order of magnitude larger dham faithfully
reflect the impulse response Bf ! (z). Therefore, we assume thal, > N and obtain the
following computational complexities:
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[s : NgN
Vfs . 2NgN + k'Ng
V2f5 : NSN2 + 3NgN + (k‘// — 1>NS

It can be concluded that the computational complexityf@f its gradient and Hessian is
linear with Ng; f5 andV fs are also linear withV, whereasv?f5 is quadratic withV.

4.4 Sequential increase oiVg

We have previously seen that the barrieapproaches the ideal stability barrierésgrows.
Therefore, to minimize the influence of the barrier inside the stability region, it is desirable
to useNy as large as possible. On the other hand, computational complexity considerations
suggest using the smalles}, possible.

It is possible to start with a relatively smaNg, converging to some solution using,
for example, the relative optimization algorithm to perform the unconstrained optimization.
Then, Ng should be increased and the unconstrained optimization repeated, starting from
the found solution. Usually, the latter requires less iterations to converge, which results in
lower computational complexity compared to using lakgefrom the beginning. In practice,
to avoid computational complexity associated with large value¥ gfits highest value is
limited by someN,,.., and the influence of the barrier function is reduced by decreasing
Modified relative optimization algorithm with sequential increaséVgfhas the following
form:

Relative optimization algoritm with sequentially increasings

BO) ()
AO)(z)

1. Start withN{", vs = 1, some initial guess of the restoration filt&?)(z) =
andxﬁ?) = 2,.

2. Fork=1,2,.. K

3. Compute current source signal estimaté’ = ﬁg:,—;)((j; [mﬁf‘l)]

4. Starting withA(z) = B(z) = 1, find
AB(2), B®)(2) = argminf (A(z), B(z); 24, N ().

5. Update the estimated restoration filtét*) (z) = = B(k) H(’“ D(2).

6. UpdateN ) = g N,
7. Optional: update'"™" = i,

8. End For
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The parametens > 1 determines the growth rate of the stability barrier paramater
and it is generally set tps ~ 10. The parametet, determines the decrease ratevgfand
is usually settqi, ~ 0.1. The block relative optimization algorithm described in Section 3.2
can be modified in a similar way to allow sequential increas¥ @f

5 Fast relative Newton step

Practical use of the relative Newton step described in Section 3 is limited to small values
of M, N andT, due to the complexity of Hessian constructio® ((N? + M?)T') when

T > M,N andO (N?log N) whenT ~ M ~ N), and solution of the Newton system

(O (M3 + N?3)). This complexity can be significantly reduced if special Hessian structure is
exploited. When the relative optimization framework is used, at each iteration the Hessian
is evaluated at,, = b, = ¢, and in a sufficiently small neighbourhood of the minimum,
z{¥ becomes approximateby, (supposing the deconvolution kernel is of a sufficient order
to reproduce with sufficient accuracy the original signal from the observed one).

Proposition 6 The Hessian of (a, b; =) with respecttai, b ata = b = §,, andx ~ s has an
approximate tri-diagonal structure, with non-zero elements at the main diagonat-andh
secondary diagonals.

The proof is given in Appendix A.5 . Approximate tri-diagonal Hessian structure is depicted
in Figure 7 (left). When the restoration kernel is normalized by foreing- 1, the first row

and column are removed from the Hessian, still preserving the approximately tri-diagonal
structure (Figure 7, middle).

5.1 Fast approximate solution of the Newton system

Exploiting the special Hessian structure, it is now possible to derive an efficient scheme for
Newton system solution. Results presented in this section assume normalized restoration
kernel (see Section 2.4); slightly different results are obtained in a similar way for a non-
normalized kernel.

Let us denote by and H the gradient and the Hessian fsfrespectively, whose respec-
tive sizesaré M + N —1) x land(M + N — 1) x (M + N — 1). Using the tri-diagonal
Hessian approximation, the Newton directidarising from solution of the Newton system
(19) can be found approximately by solvingn { M, N} — 1 systems of linear equations of
size2 x 2 with respect tal, anddy, .y,

Hy g dip + Hy) pyrr et = — i

Hiyinr ke dig + Hyonr, kent st = —Grem (32)
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fork =1,...,min{M, N} — 1, and in casé\/ # N, an additional set ofA/ — N| single
equations

Hy pdi, = —gu (33)
for

L[ M 2M  M{N-1: M<N
NN, M . M >N,

from whereg, can be found directly.

In order to guarantee decent direction and avoid saddle points, we force positive definite-
ness of the Hessian by inverting the sign of negative eigenvalues in system (32). In order to
do so, we find analytically the eigenvalugs)\? and the diagonalizing matricé of each
of the2 x 2 symmetric matrices

Hy, & Hy, kvm

D — I 4 3 34
k { Hyinr e Hipnt, kym (34)

namely,

1
A2 o= 3 (Hk’ s \/4]-],%7 knr + (Hi e — Hyonr, kvn)? + Hyp, k+M) (35)
and
T
Hy . — \/4ng, kM T (Hy, & = Hysnr, k400)* = Hpsns, kenr - 2Hg, jnr

v (36)

Hy, 1 + \/4H;37 pont T (i — Hionr, kenr)? = Hionr, kens 2Hy, g

for Hy, r+n # 0 andVy, = I otherwise. We invert the sign of negatbkb 2 and force small
eigenvalues to be above some positive threshold esayi0—® - max {|\L|, |\2|}:

A= max {|\,],e} : i=12 (37)
Then, a modified system
~ dg gk
D = 38
k{de} |:gk+M:|’ (38)
where

5 Y1
D=V, { A N ] v (39)
k

is solved analytically with respect th, andd,. , ,, for eachk.
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5.2 Delayed delta initialization

Sometimes, initialization,, = J,,_r, where0 < R < N, is preferable t&,, = §,, [13]. In

this case, the tern#/,, of the Hessian assumes the form depicted in Figure 7 (right), i.e.
its non-zero main diagonal is shifted B/and a shifted anti-diagonal appears. In addition,
the Hessian off; with respect td assumes a form of an anti-diagonal matrix with shifted
anti-diagonal. However, the contribution of this term is generally negligible compared to the
term coming fromf,. Neglecting the anti-diagonal terki? f,, fast approximate solution of

the Newton system involves regularized solution of a sét »f3 systems of the form:

dy;
desrvi-r | =
dryMiR
Hy, Hy pyn—r Hy pyvitr — Gk
Hiiv-r &k HigM—r, kMR 0 —Jk+M-R (40)
Hiimir, k 0 Hyivivr, kMR —Jk+M+R

for k = 1,..., R. This can be carried out similarly to solution ®fx 2 systems described

in Section 5.1, however, derivation of analytical expressions becomes more complicated and
is note presented in this work. Another possibility is to consider techniques for solution of
sparse symmetric systems. For example, one can use sparse modified Cholesky factoriza-
tion for direct solution, or alternatively, conjugate gradient-type methods, possibly precondi-
tioned by incomplete Cholessky factor, for iterative solution. In both cases, Cholesky factor
is often not as sparse as the original matrix, but it becomes sparser, when appropriate matrix
permutation is applied before factorization [25].

Yet another possibility is to limit attention to the particular case whién= 1 (FIR
restoration kernel), where the Hessian in a neighbourhood of the solution is approximately
diagonal if the anti-diagonal teriv?f, is neglected, or has an additional shifted anti-
diagonal otherwise. In both cases approximate Newton direction can be found by either
solving a set of independent linear equations, or a setoP systems.

5.3 Computational complexity

The approximate Hessian ¢f and the Hessian ofs ata,, = b, = §,, is very simple and does

not depend on the data. Therefore, computational effort is required for their construction is
O(1). The approximate Hessian ¢ of a normalized restoration kernel is a tri-diagonal
matrix with a total of A/ + N + 2min {M, N} — 3 non-zero elements, of which, due to
symmetry, onlyM + N + min{M, N} — 2 different elements have to be computed. This
requires evaluation of the main diagonalsHyf,, H,, and H,;,, which consists of:

1. Computing the sequengg.
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% M|

Figure 7: Structure of the Hessian of the non-normalized kernel (left) and the normalized
kernel (middle) at the solution point far, = b,, = 4,,. Right: non-normalized kernel with
delayed initializatiorb,, = §,,_3. The parameters al/ = N = 7, T = 103, Ng = 256

and)\ = 1. White represents near-zero elements, whereas black stands for strong non-zero
elements of the Hessian, either positive or negative.

2. Computing the sequencé$ y,, andd? , v, by applying A="(z) t0 duy¥n, Osoyn al-
ready computed on the gradient computation stage.

3. Squaring the sequenc@sy,, andd,, y,, and computing the produdk, v, Oy, Yn.-

4. Computing the products, 0,,y,—;for n =0,..T—1; i =1, ..., M —1ande! Oy, yn—
forn=0,.T—1;,i=0,..,.N — 1.

5. Computing the productg), 92 y, o for n = 0,.7 —1; i = 1,..,M — 1 and
@, OagbgYn—2:for n=0,.. T —1;i=1,..., min{M, N} — 1.

Step 1 requiresk”T operations; Step 2 take@MT operations; Step 3 takes
3T operations; Step 4 take§d(M + N — 1) operations; and Step 5 requires
T (M +min {M, N} — 2) operations. Totally, construction of the approximate Hessian re-
quires abouf2M + min {M, N} + N + k") T operations.

WhenT ~ M ~ N, the complexity of constructing the approximate Hessian becomes
4N? + k"N and has the same order of magnitude as the complexity of gradient computa-
tion. See Table 1 for comparison of the computational complexity of the gradient, the exact
Hessian and the approximate Hessian.

Exact solution of the Newton system using modified Cholesky decomposition requires
¢(M + N — 1) operations for factorization ard/ + N — 1) operations for back/forward
substitution, yielding in total aboyt(M + N — 1) + (M + N — 1)? operations. Approxi-
mate solution of the Newton system requires solutiomof { M/, N} — 1 modified systems
(38) plus|M — N| operations for obtaining the remaining elements of the ve¢tfisom
the set of single equations (33). This requires abbout (min {M, N} — 1) + |M — N|
operations, wheréy stands for the complexity of a singbex 2 system solution. Efficient
implementation allows to achievig; ~ 40.
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Term T > M N T~M~ N Np=10N

g BGM+N+K)T 2NZ + (20 + K + 40log, 10)N
+42N log, N

H (M? + N? +6M + 2N + k" —2)T 804N?%log, N + (20 + k")N+
+(4 4 8001og, 10) N

H (2M +min{M,N} + N+ kYT  4N?*+k'N

Table 1: Comparison of computational complexity of the gradient, the exact Hessian and the
approximate Hessian for very lar@éand forT" comparable with\/, N.

5.4 Fast block-coordinate relative Newton step

In [35], it was shown that performing the fast relative Newton step in a block-coordinate
manner is advantageous for quasi-maximum likelihood blind source separation. The same
technique can be used in the proposed framework for quasi-ML blind deconvolution. Let us
consider as an example the case wiién= 1 and at each internal iteration a block &f
coordinates is updatédLet us also assume that> N.

The use of line search requires evaluatiorf 6f,, = 1,b, = d,, + Ab,; ), whereAb is
the update ob in the current block. Coefficient8,, in f; are updated according to

AB, = Y Ab,e (41)
néeblock

The logarithms of B,|? have to be computed for alfs, resulting in total inK N + kN
operatins for updating;. y,, is updated according to

Ayn = Y Abpz,y, (42)
keblock

which results in aboutT log, K + kT operations for updating,.

The most computationally difficult part of each internal iteration is the computation of
K elements of the gradient vector an&ax K block from the approximate Hessian matrix,
which forT" > N requires abouf2 K + &'+ k" )T operations. Internal iterations are repeated
& times at each external iteration, thus resulting in alfpat + &' + £”) LY operations per
external iteration. This is compared to the complexity of a "normal” fast relative Newton
iteration, which requires abo@N + £’ + k”)T operations. Thus, block-coordinate update
is advantageous if it makes the algorithm converge

2NK + (K + kK")N (K" +k")(N - K)

_ —1 4
YT AONK+ W+ K ANK T (WK (43)

1For M > 1,itis not straightforward how to perform the fast update of the filtered signahen only some
coefficients ofa,, are updated. Additional research is required to determine feasibility of the block-coordinate
step in this case.

28



times faster than fast relative Newton method with full update. FFog N and values of
k', k" from Section 2.3; becomes

k/ _|_ k//

v = 1+ ~ 4.67. (44)

6 Sequential reduction of the smoothing parameter

When the source signal is sparse, the quality of the restored signal greatly improves with
reduction of the smoothing parametgrin the absolute value approximation. However,
minimization of the quasi-ML function becomes more difficult and involves, in particular,
very large values of the gradient and the Hessian. We address this problem by considering
two methods of sequential refinement of the absolute value approximation: the first one
based on sequential reduction of the smoothing parametend the second one involving

the smoothing method of multipliers described in [36]. We limit our discussion to the case
of super-Gaussian signals. Similar algorithms can be derived for sub-Gaussian signals.

6.1 Sequential optimization algorithm

Sequential reduction of the smoothing parameter consists of iterating the unconstrained min-
imization of the quasi-ML function, each time decreaskand initializing the minimization
algorithm at the solution found in the previous iteration [25]. In combination with the rel-
ative optimization method described in Section 3.1, this results in the following sequential
optimization algorithm:

Sequential optimization algoritm

BO) ()
A0)(2)

0) _

1. Start withA(!), some initial guess off (¥ (z) = ,andzy,’ = x,.

2. Fork=12,...K

3. Compute current source signal estimaté’ = fj::—;)((j; [mﬁf‘l)]

4. Starting withA(z) = B(z) = 1, find
A®)(2), B (2) = argminf (A(z), B(2); zi”, A®).

5. Update the estimated restoration filtéF*) (=) = ﬁi:;EgH(’f—l)(z).

6. Update the smoothing paramedft!) =, \(%).

7. End For
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The parameter, < 1 determines the decay rate of the smoothing parameter and it is gen-
erally set tou, ~ 107! + 1072, The block relative optimization algorithm can be modified
similarly to allow sequential reduction of the smoothing parameter.

6.2 Smoothing method of multipliers

A substantial disadvantage of the sequential optimization algorithm is the fact that the
smoothing parameter becomes extremely small in the neighbourhood of the solution, a fact
that influences the accuracty of the obtained solution. An efficient alternative, known as
smoothing method of multipliersas introduced in [36]. The proposed algorithm does not
require extreme values of the smoothing parameter due to the use of multipliers and allows
to converge to a very accurate solution.

Smoothing method of multipliers suggests to modify the absolute value approximation
¢ (t) by forcing its derivative at = 0 to be¢,(0) = . The linear functionut is tangent
to the graph ofp,, ,(¢) at the origin (see Figure 8). The parameteis used as an analog
of Lagrange multiplier. The method was found especially efficient with the family of "soft”
guadratic-logarithmic approximations of the absolute value, given by

—t—pllog -+q - t<7m <0

o, u(t) = +ut 1 <t<m (45)
t—pglog%+q2 c t<m <0,
where
712—%(1+M)/\ =5 (1 —p)A
pl—)\*l Py = )\*72

Q1:2>\ +(M+1) q2:2)\22+(:u_1)7_2

These functions have bounded third-order derivatives and hence are well-matched to the
Newton method [36].
Using¢,, ,(-) for the absolute value approximation, the objective function becomes

1 Vs = 46
f = - fl+mf5+f;¢)\,un(yn) (46)

2Np

and it is analogous to aaugmented Lagrangianwhere{u, : —1 < u,, < 1}5;3 are La-
grange multipliers. Smoothing method of multipliers suggests the following iterative algo-
rithm:

Smoothing method of multipliers

BO)(2)

0) _
A0 (2) andz,’ = x,.

1. StartwithA®, v = 0, HO(z) =
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Figure 8:¢,, ,.(t) - solid line; |t| - dashed lineyt - dotted line.

2. Fork=12,...K
3. Compute current source signal estimaté’ = fﬁ::—m [zﬁf‘l)]

4. Starting withA(z) = B(z) = 1, find
AW (2), B®)(z) = argminf (A(z), B(z); 21, AW ufl).

5. Update the estimated restoration filtéf*) (=) = fi:;ggH(’“—l)(z).

6. Update the multipliera!/ ™" = &

® ) [ (k
) u%k)(yn), wherey,, = % [%(1 )].

7. Optional: update the smoothing parametér?) = ;i \*).

8. End For

In practice, in order to stabilize the method, the relative change of the multipliers should be
restricted:

un’ +1
1-— ugﬁq)

%<1——u7(f)<%

0] < 15, (47)

where typicallyy; = 75! ~ 2 andd ~ 10-. Furthermore)*) is restricted to be no smaller
than some\,;, ~ 1073 [36].
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7 Numerical results

In this section, we present several simulation results to examine performance of the algo-
rithms described in this work. Source signals in all experiments were generated as i.i.d.
processes with Gauss-Bernoully, generalized Laplacian or discrete uniform (PAM) distribu-
tions (see Appendix Appendix B). Unless stated otherwise, zero sensor noise was assumed.
Convolutive systems were modeled either as FIR or rational IIR filters with different orders
depending on the experiment. Coefficients were chosen randomly under the constraint of
filter stability. In all tests, unless stated otherwisé; = 256 and Ng = 1024 were used,

and gradient norm below0~!° served as the stopping criterion for optimization algorithms.

All algorithms were implemented in MATLAB and executed on an ASUS portable computer
with Intel Pentium IV Mobile processor and 640MB RAM. All execution time measurements
should be interpreted merely as upper bounds on execution time. Signal to interference ratio
(SIR) was used as a quality measure. An exact definition of this measure is given in the
following section.

7.1 Restoration quality measure

Estimated source signalcan be described as source signdlip to a delayA and multi-
plicative factorc), contaminated by, which describes théeconvolution errof37]
Sno= (g*8)n=1C"Sp_a + Gn. (48)

A common restoration quality measure knownrasrsymbol interferenc@Sl) or signal to
interference ratigSIR) is defined as the ratio of variancescofs andg

A -E{s*}
E{q:}

In simulations where the global system response is known, SIR can be expressed in terms of
g as

SIR (49)

9 2
9a gl
SIR = = 2 __ (50)
Ynradn gl =gl

In reality, g,, is evaluated on a finite interval= 0, .., Ts — 1. In our experiment§ds = 103
was used.

7.2 Test |: Rational restoration kernel

Most works on blind deconvolution focus their attention on FIR restoration kernels. In this
work, we introduced a rational restoration kernel, containing besides the FIR part (numer-
ator B(z)) also an all-pole IIR part (denominatel(z)). Importance of the all-pole part is
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Figure 9: Impulse responses (top row) and transfer functions (bottom roW)(ef (left)
and H(z) (middle) andG(z) (right) for SIR = 192.77 dB obtained in the experiment. The
impulse response df (z) is truncated.

demonstrated in the following experiment. Input signal was generated by filtering an i.i.d.
Gauss-Bernoully process (see Appendix B.1 ) with spaysity(0.2 and length7” = 1000
samples by a short minimum phase FIR filtén(z) of order 9 (Figure 9, left). Since the
impulse response d’ ~!(z) decays relatively slowly (Figure 9, middle), restoration using
an FIR kernel would require about 100 coefficients to achieve reasonable quality. On the
other hand, an all-pole kernel of order 9 is sufficient to ideally restore the source signal.
Sequential optimization algorithm was used witbecreasing front to 10~1° with a rate
of u) = 0.1, andvg decreasing from 1 with a rate pf, = 2. Unconstrained minimization
was carried out using Newton method. Three configurations were tested: pure FIR with unit
denominator and numerator of order 1 (M =1, N =n), all-pole IR (M =n, N = 1)
and a rational kernel with numerator and denominator of equal otder (N = ”T“), where
n stands for number of variables in the problem. Different values\wére tested.
Figure 10 depicts the restoration SIR as function of the number optimization variables
n for different assignments of the degrees of freedom to restoration kernel numerator and
denominator. SIR higher than 10 dB was obtained for all-pole 1IR kernel startingffom
8, for the rational kernel starting froé = M > 4, and for the FIR kernel starting only from
N > 40. It can be concluded that rational restoration kernels are generally advantageous than
the FIR ones.

7.3 Test ll: Convergence of the Newton method

The following test demonstrates convergence of the Newton method used for unconstrained
minimization of f. Input signal was generated by filtering an i.i.d. Gauss-Bernoully process
(see Appendix B.1 ) with sparsity = 0.2 and lengthl” = 1000 samples by a FIR filter of
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Figure 10: Restoration SIR as function of degrees of freedom (optimization variables in the

problem) for different restoration kernel configurations. Solid: pure BIR= 1, N = n);
dashed: all-pole IIRX/ = n, N = 1); dash-dotted: rational kernel{ = N = "T“).

order19 (Figure 11, left). Restoration was performed by a FIR filter of size= 1, N = 50

and the smoothing parameter was sekte 0.001. No stability barrier was used. Conver-
gence of steepest descent method with backtracking line search and Newton method were
compared. Figure 12 reveals that Newton method has quadratic convergence at the end,
which allows to achieve very small norm of gradient and SIR about 35 dB, whereas the
steepest descent method achieves gradient norm no lowet@haand SIR slightly higher

than 15 dB. Figure 11 presents the restoration kernel response (middle) and the global system

response (right) obtained using the Newton algorithm.

7.4 Test lll: Sequential optimization

The following test demonstrates how the sequential optimization algorithm presented in
Section 6 achieves very high restoration quality by gradual reduction the smoothing param-
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Figure 11: Impulse responses (top row) and transfer functions (bottom row) of (left),
H(z) (middle) andG(z) (right).

eter. Input signal was generated by filtering an i.i.d. Gauss-Bernoully process (see Ap-
pendix B.1 ) with sparsity = 0.2 and lengthl” = 1000 samples by an all-pole IIR filter of
order 9. FIR restoration kernel of order 9 was used. Sequential optimization algorithm was
used with)\ decreasing from to 3.28 x 10~ with a rate ofu, = 0.2, andvg decreasing

from 1 with a rate ofu, = 2. Unconstrained minimization was carried out using Newton
method. Problematic convergence was observed startingXremi0~". Figure 13 presents

the SIR as function ok. Restoration quality achieved for very small values of the smoothing
parameter (SIR about 180 dB) can be considered ideal for any practical use.

7.5 Test IV: Sensitivity to noise

In order to study sensitivity of the algorithm to noise, Test 1l where practically ideal restora-
tion was achieved, was repeated under presence of sensor noise with different SNRs (see
Figure 14). Figure 15 presents the achieved restoration SIR as function of input SNR. Rea-
sonable restoration quality is achieved for SNR higher than 15-20 dB.

7.6 TestV: Relative optimization

The following test demonstrates the relative optimization algorithm described in Section 3.1.
Input signal was generated by filtering an i.i.d. Gauss-Bernoully process (see Appendix B.1
) with sparsityp = 0.2 and lengthl” = 1000 samples by an FIR filter of ordéf. Restora-

tion was performed by an FIR filter of siz& = 1, N = 50 and a rational kernel of size

M = N = 5 with smoothing parameter set o= 10~3. Newton method, relative Newton
method, fast relative Newton method and its limited memory version=7") were com-
pared. Figure 18 depicts the convergence of the four methods for the FIR restoration kernel
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Figure 12: Convergence of the steepest descent method (solid) and the Newton method
(dashed). Top row: norm of gradient; bottom row: signal to interference rate as function of
time (left) and iteration number (right).

in sense of SIR and gradient norm as function of time and iteration number. In Figure 17,
convergence for the IIR kernel is shown.

Fast relative Newton method and its limited memory version demonstrated virtually iden-
tical convergence both in sense of SIR and gradient norm. Newton and relative Newton
methods converged in less iterations that the fast relative Newton method and its memory
limited version and demonstrated quadratic convergence. However, the use of special Hes-
sian structure significantly reduced the computational complexity of each iteration of the fast
relative Newton method and its memory limited version and allowed these two methods to
converge faster in the sense of execution time.

Rational restoration kernel achieved slightly lower SIR of 31.70 dB compared to 35.50
dB achieved by the FIR kernel, and demonstrated worse convergence in the number of it-
erations. However, the use of the rational kernel involved only 9 optimization variables,
compared to the 32 variables required for the FIR kernel.
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Figure 13: SIR obtained by sequential optimization algorithm presented as function of the
smoothing parametey.

7.7 Test VI: Block relative optimization

The following test demonstrates the block relative optimization algorithm for online process-
ing described in Section 3.2. Two super-Gaussian source signals with Gauss-Bernoully dis-
tribution with sparsityy = 0.2 and generalized Laplacian distribution with= 0.5, and one
sub-Gaussian 2-level PAM process (see Appendix Appendix B), all of léhgt2.5 x 10°
were generated. Convolution system was modeled by an FIR filter of order 99.

FIR restoration kernel of order 334 = 1, N = 32) was used. Block relative optimiza-
tion algorithm was applied with block size = 512. Limited memory fast relative Newton
step was used with kernel size limited & = 512 samples. In case of super-Gaussian sig-
nals, A was gradually reduced from0)—3 till 10~° with a rate ofu, = 0.1. In case of the
sub-Gaussian procegswas reduced from to 20. No stability barrier was used.

Figures 18-20 (dashed) show the restoration SIR as function of input signal sample num-
ber. The algorithm converged to an SIR of about 30-35 dB for the Gauss-Bernoully signal,
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Figure 15: SIR obtained by sequential optimization algorithm as function of input SNR.

about 25—-30 dB for the generalized Laplacian signal, and about 30 dB for the PAM signal.
SIR of 33.77 dB, 33.11 dB and 30.92 dB for the Gauss-Bernoully, generalized Laplacian
and PAM signals, respectively, was reached by the batch mode version of the algorithm ap-
plied to the first 4096 samples of the input. In Figure 21, output constellations of the limited
memory fast block relative Newton algorithm for the PAM input signal at different blocks
are depicted to visualize restoration quality.

For comparison, the natural gradient deconvolution algorithm proposed by Atreri
[17, 13] and its block-wise frequency-domain version proposed by éolad. [19, 20],
with block size of 512 samples and 32 FIR coefficients and gtep0.02, achieved SIR of
10-20 dB for all source types (Figures 18-20). Moreover, the natural gradient and Joho'’s
algorithms have slower convergence in terms of restoration SIR. MATLAB implementation
of the memory limited block relative Newton algorithm demanded in avetagex 10~
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Figure 17: Convergence of the Newton method (dotted), the relative Newton method (dash-
dotted), the memory limited fast relative Newton method (dashed)Mfox N = 5. Fast
relative Newton method demonstrated convergence identical to that of the memory limited
version.

sec per input sample, thus allowing to process in real time signals with sampling frequency
up to 6.27 KHz. For comparison, Joho's algorithm required abat x 10~ sec per input
sample, which is equivalent to sampling frequency of 53.8 KHz. It can be concluded that
although having computational complexity of the same order as gradient-based methods, fast
relative Newton method is almosb times slower compared to an efficient implementation

of the natural gradient deconvolution algorithm. Still, it is fast enough and suitable for real-
time processing and gives significantly better restoration quality (improvement by 10 dB to
20 dB) and faster convergence.

8 Conclusions

We have presented a relative optimization framework for quasi-maximum likelihood single
channel blind deconvolution and studied relative Newton method as its particular instance.
Tri-diagonal structure of the Hessian in a neighbourhood of the solution allowed to derive
a fast version of the relative Newton algorithm, with iteration complexity comparable to
that of gradient methods. The batch mode relative Newton method was extended to the
online case by considering block-wise relative optimization. The latter algorithm is capable
of handling time-varying convolution systems. Additionally, in this work we introduced
rational deconvolution kernels, which constitute a richer and more flexible family of filters
than the traditionally used FIR kernels, and often allow to reduce the optimization problem
size.

The use of sequential optimization and smoothing method of multipliers for gradual re-
finement of the absolute value approximation was proposed. Combined with the relative
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Newton method, gradual refinement of the absolute value approximation resulted in an ex-
tremely accurate blind deconvolution algorithm with very fast convergence. Although our
discussion was mainly focused on super-Gaussian source signals, for which the absolute
value is a good approximation ef log p(-), by a suitable choice af(-) and minor modifi-
cations, sub-Gaussian signals can be also handled.

Simulation results demonstrate the efficiency of the proposed methods in low to medium-
noise conditions. Possible applications are in acoustics and communications, especially
where high accuracy is required. We are currently working on extending the relative New-
ton blind deconvolution algorithm to multichannel and two-dimensional cases. The latter
seems to be of high importance, since many processes in optics and image processing can
be described by a relatively short FIR model, which makes the use of rational deconvolution
kernels especially attractive.
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Appendix A Proofs and derivations

A.1 Proof of Proposition 1 — Gradient and Hessian off;
Gradient of f;

Let us use the matrix notation to express the DFT coefficiap@ndB,, for k = 0, ..., Np—1
as elements of the vectors

A = CDACL
B = ®ghb, (51)

whered 4 and® g are Np x M andNp x N DFT matrices, respectively 4 and®z can be
regarded as truncated versions of fiie x N DFT matrix defined by

1 21 mn
(®)yn = \/N_Fexp{— N, } (52)

and can be implemented efficiently by applying the FFT to the zero-padded versians of
andb.
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Let us also expand,; into

Np—1
i = ZlogBkBZ—logAkAz
k=0
NF—I
= > log B+ (log By,)" — log Ay, — (log Ay)", (53)
k=0

and let us denote b@xI)B)Z the k-th row vector of®z. Then, B, can be expressed &% =
(CDB)Z b, and the gradient of the tertog By, for k = 0, ..., Np — 1 iS given by

Summation ork yields

Np—1 Np—1 1
vb< 1ogBk> = > = (),
0

k= k=0
1
| | Bo
= ((I)B)o (q)B)NF—l :
| | s
= ®LB = (®§B")", (55)
whereB' = | By' ... Byl _, ]T, and®¥ can be implemented efficiently using the in-
verse FFT. Similarly, gradients of the other three termg af (53) can be obtained, yielding
va fl
va - s 56
o= o] (56)
where
Vofi = —0HA" — (o5 A")
Vo fi = O®EB*+ (@58, (57)

andA’ = [ Ay0 . A ]

Hessian of f;

Let us first evaluate the Hessian of the first term

Np—1

¢ = Y (logBy) (58)

k=0
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in (53). Previously we have seen that the gradientwith respect td was given by

9 = Viyq=93B. (59)
The differential ofg is given by
dB| V,BiEdb VB
dg = Pp : = dp : = o3 : db.  (60)
dBly, 4 VB _1db VB 1
Substituting
, 1 1
VB, = V, B)” B (®B)), ; (61)
one has
& (P5)] i
dg = —oF db = —®% dp db
T 1
sz\;_l (CI)B)NF—l Byp-1
= f diag {B"} & db = (0} diag {B”}H>* Oy db, (62)
whereB” = — [ By? .. B;,i_l ]T. The Hessian of is a linear mappingd?, defined via
the differential of the gradient as
dg = H,db;
therefore,
H, = (of diag{B”}H)* Oy, (63)

Similarly, Hessians of the other three termsfptan be obtained. Finally, we obtain

H
% = ad : 64
L= ] (64)
where
Hy = — (0l diag{4"}") @, — o4 (diag {4"} @,)°
Hy = (0 diag{B"}") &y + o} (diag {B"} &p)’ (65)
andA” = — [ Ay? .. AV, ]T. The termsH,, and Hy, can be computed efficiently
using the forward and the inverse FFT. H
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A.2  Proof of Proposition 2 — Derivatives ofy,

Let us use first express, in the Z-transform domain:

where

Differentiating (66) with respect to; yields
2Y (2)+ A(2) 0,Y (2) = 0,
from where

z7 v 27'B(z)

aa¢Y<Z) = _A<Z) (Z):_ AQ(Z)

Differentiating again with respect tg yields

270, Y (2) + 277 0,Y (2) + A(z) 831,an(2)

Substituting (68) yields

Z_(l‘l‘])B(Z)

-2 X(2)+ A(2) Qi,an(z)

A%(2)
from where
—-(+7) B
2 . z (Z)
Da, Y (2) = 2 (%) X(2).

Differentiating (66) with respect th yields
A(2) 0,,Y (2) = 27" X(2),

from where

Op,Y(2) = X(2).

Differentiating again with respect tg yields

a7

(66)

(67)

(68)

(69)

(70)

(71)



whereas differentiating with respectdgyields
270, Y (2) + A(2) @ian(z) = 0.
Substituting (70) yields

9 B 2 0Y () 20D
Do, Y (2) = A b A X(2). (72)

Expressing the first- and the second-order derivativé$(ef with respect to the coefficients
of the restoration filter numerator and denominatgrb; in the time domain, one has

Yn = B(2)A7'(2) [x,)]
Ouyyn = —A7(2) [yn-i]
Oy = ATH(2) [wn-i]
Opatn = 2A7%(2) [yn—i—j]
Ppyn = —ATH2) [0y
Oppyn = 0. (73)
Due to the shift-invariance property of the derivative operator, derivativgs with respect

to different coefficientsa; andb; can be expressed as a time-shifted version of derivatives
of y,, with respect toa, andby:

azzi Yn = aao Yn—i
abi Yn = 8bo Yn—i

321-17 Yn = 83();,0 Yn—i—j- (74)

A.3 Proof of Proposition 3 — Gradient and Hessian off,

Gradient of f,

Let us use the abbreviatiaf,, ¢/, and¢!’ to denotep(y,,), ¢'(y.) and¢”(y, ), respectively.
The gradient off; with respect ta: andb is given by

Vafi = [yl (75)
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where

T-1
Vafo=> ¢ Vayn=
n=0

aaoyO 3a0 yr .. 8a03/Mf1 aaoyTA 6
(.) (%(j Yo ... (%OylM_z &log{T_g ' | (76)
0 0 8a0y0 &myT_M_l IT_l

and
T-1
Vo o= & Vi =

n=0

Yo Dbl - Onyn—1 . Opyr— %o
(.) 8b?y0 8b0y.N_2 (f“)bOle_Q . gb’l (77)
0 0 . Y - OpYr—n-1 b7y

The two Toeplitz matrices containing partial derivativeg/pfwith respect taz, andb,
can be regarded as anti-causal FIR filters reversed in time applied to the seg{jerce

[ o) & . Py }T, or alternatively, as causal FIR filters reversed in time applied to
the reversed sequencey,, = ¢, _,, whereJ is the mirror operator. Let us denote the
impulse responses of the filters corresponding to equations (76), (77) as

hoa(n) = Ouyn = —A7'(2) [yn)
hop(n) = Opyn = A71(2) [22], (78)

respectively. The gradients ¢f with respect tax andb can be calculated efficiently as the
cropped responses bf 4(n) andhyg(n) to J é,,

(Vo f2), = T(hoaxJT¢), :n=0,.,M-1
N

(Vo f2),, = T (hop * jgb’)n :n=0,...,.N—1 (79)
Hessian of f,
The Hessian of, with respect ta: andb is given by
2 _ Haa Hab
Vab f2 - |: Ha’I‘;) be :| ) (80)
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whereH,,, Hy, and H,, are, respectively, ai/ x M, N x N andM x N matrix, whose
elements are given by

(Haa)z‘j = (H;a)“_}_(Hga)i‘

ij J
T-1 T—1
= D Dahn Oayyn + D S 020y
n a; JINn ajs; Jn n a;a; n
n=0 n=0
T-1 T—1
= > O Ouglnmi Oaglni + Y _ & 02 Ui (81)
n=0 n=0
T-1 T—1
(be)ij = Z Qb;; aboyn—i aboyn—j + Z qb;z 8§Oyn—i—j
n=0 n=0
T—1
= > & Ongn—i Ongnj (82)
n=0

and

(Hab)ij - (H;b)ij_l_(H‘fb)ij

= § Gy, OaoYn—i OboYn—j + :§ O, Oy Yn—i—j- (83)
n=0 n=0
The first term in (81) is ad/ x M matrix given by
Oag¥o  Oag¥t o Oagymr—1 o Oagyr—1 — Oég Oééw_l _
oo O 8a(;y0 8a0y:M2 Gaog{TQ . E E (8a)
0 0 o Outo o Ougyrris g,

wherea? = ¢! d,,yn—;. Hy, and can be evaluated efficiently by usityg,, namely
(Hi), = J(hoaxJad), tij=0,.,M—1. (85)

The matrixHy, in (82) consists of a single term, which has a structure simil&ffpand can
be computed usinglsz, namely

(be)ij = j(hﬁB*jﬁ]>l : Za] :Oa"'aN_ 17 (86)

where! = ¢! 0y, yn—;. Applying the kernehyy to the reversed sequeneg instead of the
reversed sequengk, one can compute the first mixed derivatives teii):

(H;b)ij = J(hopxTo?), :i=0,..,M—=1;7=0,..,N—1. (87)
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The second tern#/?, in (81) can be expressed as a matrix with equal elements along
anti-diagonals

o & - &ua
g~ | SR ) 88)
Ev—1 §m o Som—2
where
T-1
fm = Z¢;L 820ynfma (89)
n=0
which can be efficiently evaluated defining the causal FIR kernel
h62A<n) = (930%:21472(2) [yn]u (90)

and applying it to the reversed sequenfte
Em = J(hopaxJ¢),, m=0,...2M—2. (91)

The second terni/?, in (83) despite being generally non-square, has a similar anti-diagonal
structure

"o m .. 7N-1
wy, = | (92)
77]\/[-—1 Ny oo TIM+N-2
where
T-1
T = ) D Do Ynms (93)
n=0
which similarly to¢,,,, can be efficiently evaluated defining the causal FIR kernel
horap(n) = Ongpeyn = —A7%(2) [24)] (94)
and applying it to the reversed sequengenamely:
N = J(hoeap*JP),, +m=0,..,M+N—2. (95)
u
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A.4  Proof of Proposition 5 — Gradient and Hessian offs
Gradient of fg
Similarly to 9,,y,, from Proposition 29,,¢, is given by
Ot = —B72) [gn-i] = —B2(2) [u-i] = hag(n — ). (96)
Hence,

Ng—1

Vofs =Y & Vog.=
n=0

abo qo 8170 q - abo gN-1 .- abo qstl ¢6
(.) Gb(fqo 8{,03/.]\[,2 31;03/{\/572 ) ¢,1 ’ (97)
0 0 8quO aquNS_N_l /Ns—l

where¢), = ¢\.(¢.). Similarly to the gradient off,, the above matrix product can be
computed using an FIR kernel, namely,

(Vb fg)n = j(th*jgb,)n . TLZO,...,N—l. (98)
Sincefs(b) is independent on, V, fs = 0.

Hessian offs
Again, similarly tod?,, v, from Proposition 26§Z_qun is given by

Opp,n = 2B7%(2) [gn-i—j] = 2B7°(2) [0p-i—j] = horg(n — i — j). (99)
The only non-zero block in the Hessian fis Hy,, which consists of two terms
(Hyp)y; = (Hblb)ij - (Hl?b)ij

Ng—1 Ng—1

= > & Oy Oogly + > By O i (100)
n=0 n=0

whereg) = ¢ (qn)-
Computation offf, in (100) is analogous to computation &f,, in (81). The first term
Hj}, isanN x N matrix given by

o %
3170610 abo(h aboC]N—l 3170611\75—1 0 0
0 O - Ohn-—2 - OpGng—2
Hy = . ) ° o ,(101)
0 0 ... Opq - OpQqNo—N— _
o e ]| e e |
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wherey? = ¢! d,,q.—;. Hy;, and can be evaluated efficiently by usig,, namely
(Hw),; = T (hog*TV), :i.j=0,...,N—-1. (102)

The second tern#/? in (100) can be expressed as a matrix with equal elements along
anti-diagonals

G G o Cy—a
H = Cf Cf Cfv , (103)
(vo1 Cv e Gane2
where
Ng—1
Cn = Y & O tn-m, (104)
n=0

which can be efficiently evaluated applying the causal FIR ketpgj to the reversed se-
quencep’ :

Cn = T(hpgxJd), m=0,.,2N—-2. (105)
u

A.5 Proof of Proposition 6 — Approximate Hessian
Approximate Hessian of f;

In Section 2.2 we have shown thitwas a discrete approximation of the integral

fi = Nr / W [log | B(¢”)| — log |A(e”)|] db. (106)

™

—Tr

Here we will use the continuous version ffto approximate the structure & f for a =
b =19,. Let us define

g = / log B(e') df = / log (b + by e + ...+ by_y e "N V) do (107)

-7 -7

and findd; , ¢

% 00 = 9 ,, log B(e") db
4 8b B(@ie) 81, B(@ie) 4 85 b B(ew)
= — m on do 2mon 2 76, 108
/. B (c) o/ B(9) (108)
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Substitutingd,, B(¢”) = e=% andd; , B(e) = 0, one has

) ™ e—i(m—l—n)@
8bmbnq = —/ﬂm d@ (109)
Substitutinghy = 1,b; = by = ... = by_1 = 0 into (109) we obtain
agmbnq bo=1, bi=bo=...=bx_1=0 _/ e~ dp, (110)

Using this result, one can find the approximate second-order derivatiygsvith respect to
b, for b, = 9,,:

Np [T . .
R h o~ 7F / o [log‘B(ezGH_log‘ A<€za)|] 20

Np 7 2 N
= g/ﬂabmbnlog|B(e )|” do

*

Np [7 ; Ne [ [7 i

NF " —i(m+n)6 i(m+n)d
— —g/ﬂ[e (mam)0 4 i) qp
_ oy, AT o s (111)
(m+n)m

Similarly, one has fot,, = §,,
agmanfl ~ 2Np Omin. (112)
The Hessian of; at the point,, = b,, = §,, can be therefore approximated by

Enm

V2fi ~ 2Np [ (113)

o |
whereFE), denotes & x k£ matrix with the first diagonal element equal to one and the rest of
elements equal to zero.

Approximate Hessian of f;

In Section A.3 we have seen that the Hessiafy @ composed of three blocks, namely,,,
H,, and Hy,, whose sizes argl x M, M x N andN x N, respectively. Fou,, = b, = 9,
andz =~ s, one hagy ~ s. Therefore, the first- and the second-order derivativag, dfom
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Proposition 2 can be approximated by

yielding

(Haa>ij

(be)ij

(Hab>ij

Q

aaoyn N —Sp
aboyn
82
2
aoboy’n

Q

Sn

Q

25,
(114)

.
el

~

-1 T-1

¢"(Sn) Sn—i Sp—j + 2 Z ¢’ (sn) Sn—i—j

n=0

T
Le

(]

¢,/<Sn) Sp—i Sn—j

i
N o

-1 T-1

B"(Sn) Sn—i Sn—; Zgb Sn) Sn—i—j- (115)

n=0

M

o

n=

As the sample siz& grows, the sums approach the corresponding expectation values

(Haa),;

ij
(be)ij

(Hab)ij

~
~

Q

~
~

T-E {¢,l(5n) Sn—i Sn—j + 2¢,<Sn) Sn—i—j}
T -E{¢"(5n) Sn—i Sn—j}
-T-E {gb”(sn) Sn—i Sn—j + ¢/(Sn) Sn—i—j} : (116)

Sinces,, are zero-mean i.i.d., the expectation valug#(s,,) s,—; s,—;} is equal to zero for
i # j. Similarly, E{¢'(s,) sn—i—;} = 0 for i # —j and since and;j are non-negative, this
expectation value is non-zero only for= j = 0. Therefore, the block&H,,) and(H,;) are
approximately diagonal, and the blo¢K,;), although being usually non-square, has also
approximately zero entries outside the main diagonal.

Particularly, for small values ok, when¢'(-) and ¢”(-) approach sigf) and 5;4(-),
respectively, the following form is obtained:

261
(Haa)ij ~ C2
0

wherec; =T - E |s,| andcy, =

1=7=0, —c; : 1=7=0,
{ :] 7é 07 (Hab>ij ~ —Co ? :j 7é 07
otherwise. 0 : otherwise.

i 40,
(Hip)y; ~ {C2 =77

0 : otherwise.

- 02 p,(0) are constants.
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Approximate Hessian of fg

In Section A.4 we have seen that the Hessiarfohad only one non-zero block of size
N x N, corresponding to derivatives with respecbtd his block was given by

Ng—1 Ng—1
(be Z ¢N angn 7 abOQn -7 + Z ¢ aI?OQn =7 (117)
n=0

where g, is obtained by applying3—!(z) to the sequencé,. Whenb, = §,, one has
4n = Opyqn = O},qn = 0, and consequently

(Huw)y; = &5 ( On) On—i On—j + Py (0n) On—i;

A(D) + @) (1) 0 i=75=0
= ()+¢)\s(> D 1=7#0 (118)
¢>\S< ) DA
Substituting
$s(0)=0 (1) = 55
/! /! -2
P (0) =1 ()= (1+25") 7,
one has
gt _1y -2 . .
1+i§1+(1+)‘51) ci=7=0
(Hew);; = 4 1 L =] 40 (119)
0 L #£ .
Particularly, for\g = 1,
125 : i=j=0
0 D1 F .
The Hessian ofs for b = 6, is therefore given by the following diagonal matrix:
0
Vifs = T , (121)
[N + C3 EN

wherecs is a constant (equal to 0.25 in the particular casgof 1).

Combining the above result with the approximation&8ff; andV? f,, we conclude that
the Hessian off (a, b; z) for a = b = §,, andz ~ s can be approximated by a tri-diagonal
matrix with non-zero elements on the main diagonal and the diaganéls |
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Appendix B Probability density functions

B.1 Gauss-Bernoully distribution

A random variables is said to obey the Gauss-Bernoully distribution with sparsignd
variances? if its probability function is given by

p(s) = (1—=p)i(s) +

2
p s

wherep € [0, 1] ando? > 0. It will be henceforth assumett = 1. Probability density func-
tion (PDFs) and cumulative distribution function (CDFs) of the Gauss-Bernoully distribution
are depicted in Figure 22.

B.2 Generalized Laplacian distribution

A random variables is said to obey the generalized Laplacian distribution with parameters
a, A if its probability function is given by

_ 1 [s]*
P = e eXp{_T}’ (123)
wherel'(z) is the Euler Gamma function defined by
() = / £ exp {—t} dt, (124)
0

anda > 0 and) > 0. Distribution (125) can be interpreted as a generalization of the
Laplace distribution obtained far = 1, and of the normal distribution obtained far= 2.
For a < 2, the distribution is super-Gaussian. It will be henceforth assuined 1 and
a = 0.5. PDFs and CDFs of the generalized Laplace distribution are depicted in Figure 23.

B.3 Discrete uniform distribution

A random variable is said to obey the discrete uniform distribution on inteifval, 1] with
N levels if its probability function is given by

pls) = %ié(NQL

n=0

1 5) . (125)

In this work, i.i.d. signals having discrete uniform distribution will be termegualse am-
plitude modulatedr PAM signals. PDFs and CDFs of the discrete uniform distribution are
depicted in Figure 24.
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Figure 22: PDF (top) and CDF (bottom) of the Gauss-Bernoully distribution¥or 1 and
p = 0.2 (solid), 0.5 (dotted), and 0.8 (dashed). Vertical arrows denote delta functions.
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Figure 23: PDF (top) and CDF (bottom) of the generalized Laplace distributioh forl
anda =1 (solid), 0.5 (dotted), and 0.4 (dashed).
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Figure 24: PDF (top) and CDF (bottom) of the discrete uniform distributionMo&= 5.
Vertical arrows denote delta functions.
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