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Quasi maximum likelihood blind deconvolution: super- s either positive or negative, respectively) is sufficient in order to

and sub-Gaussianity vs. asymptotic stability construct a consistent QML estimator. This belief leads to attributing
¢’ (s) either to the class of functions suitable for estimation of super-
Alexander M. BronsteinStudent Member, IEEE, Gaussian sources, and not suitable for estimation of the sub-Gaussian
Michael M. Bronstein,Student MembelEEE, ones, or vice versa. For example, it is usually assumed (see e.g. [1],
and Michael ZibulevskyMember, IEEE, [2], [10], [11]) that the choice of the smoothed sign function, e.g.,
¢'(s) = tanh(gs), 2

Abstract— In this note we consider the problem of quasi maximum like-

lihood (QML) blind deconvolution. We examine two classes of estimators, for 3 > 1, leads to a QML estimator suitable for super-Gaussian
which are commonly believed to be suitable for super- and sub-Gaussian sources. Another example is the family of functions

sources. We state the asymptotic stability conditions and demonstrate a ’
distribution, for which the studied estimators result unsuitable, in the ’ _ o
sense that they are asymptotically unstable. ¢(s) = |[s|"sign(s) @)

Index Terms— blind deconvolution, quasi maximum likelihood, asymp-  with the parametey: > 1, which is believed to be suitable for sub-
totic stability, super-Gaussian, sub-Gaussian, kurtosis. Gaussian sources.
It this note, we state the conditions, under which a QML estimator
I. INTRODUCTION i_s asymptotically sFabIe, and show that generally there_ is no connec-
. . . . ) tion between the sign of kurtosis excess and asymptotic stability. We
We consider th? pro_blem of blind deconvolutlc_Jn, in Wh'c_h th%tudy the estimators obtained from (2), (3), for sources obeying the
observed sensor signalis created from theource signals passing  yeneralized Cauchy distribution. Although we focus our attention on
through a convolutive system with impulse response the blind deconvolution problem, similar conclusions can be made
> regarding the blind source separation problem as well.
In = Z Wk Sn—k-

k=—o00

. . . . Il. ASYMPTOTIC STABILITY CONDITIONS
The setup is termedlind when only x is accessible, whereas no

knowledge onw ands is available. The problem of blind deconvolu-  For a general choice af’(s), the corresponding QML estimator

tion aims to find such a deconvolution (or restoration) kefnethat s (locally) asymptotically stable if the following conditions hold [9]:
produces a possibly delayed waveform-preserving estimate of

0 Ep'(s) > 0 4
Sn = Y hkTagkmCoSaoa, E20"(s)E%(cs)? > 1 (5)
k=0 E¢’(cs)(cs)> +1 > 0, (6)
wherec is a scaling factor and\ is an integer shift. A commonly
used assumption is thatis non-Gaussian. wherec is a scaling factor, obtained from the solution of
Under the assumption that the restoration kefnbhs no zeros on Eo _ 7
the unit circle, and the source signal is real and i.i.d., the normalized ¢les)es = 1. @)

log-likelihood function of the observed signalin the noise-free case These conditions are valid when the expected values’(E)

is [11-3] Ey”(s)s?, E¢'(s), and Es* exist and are bounded. Similar stability
1 [ » 1 Tt conditions exist in the context of the blind source separation problem
i) = 5 [ tolHE| do— 1 p(@em). @ ) 3l
o n=0 When ¢’ (s) = |s|*sign(s), it can be shown that
where H (e*) stands for the discrete Fourier transform fgf and

41\ —1/(p+1)
o(s) = —logp(s), wherep(s) is the probability density function c = ((p+1) Els/ * )
(PDF) of the source,,. Consistent estimator can be obtained by max- Eo'(s)(cs)® = p(p+1)c - Els)*H
imizing £(z; h) even whenp(s) is not exactly equal te-logp (s). Ep'(s) = p(p+1)c* " Els|* "

Such QML estimation has been shown to be practical in instantaneous
blind source separation [4]-[7] and blind deconvolution [2], [8], [9For . > 1, it can be easily checked that conditions (4), (6) hold,
when the source PDF is unknown or not well-suited for optimizatiomence, the asymptotic stability condition (5) yields
Generally,¢(x; h) is maximized by gradient-based methods, hence, bl
the main concern is the choice of (s). A, = _E[s"™ u < 0. (8)
It is commonly believed, that the knowledge of whether the source Es® E|s[+!
is super- or sub-Gaussian (i.e., such thatkitstosis excesslefined | the particular case whep = 3, the latter condition becomes
by As = k < 0, meaning that the estimator is asymptotically stable
Est for sub-Gaussian sources, and asymptotically unstable for the super-
K= ga o Gaussian ones.
Wheny'(s) = tanh(3s), conditions (4), (6) hold for everg > 1,
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©"(s) — 25(s). Hence, for a larges, 05 1
+1/8
Eo'(s)(cs)® = E¢"(s)(es)* ~ 3 sp(s) ds ~0 04 T
-1/B
+1/6
Eo'(s) = E¢'(s)=p p(s) ds =~ 2p(0), 03 |
-1/B
where ¢ is obtained by substituting’(cs)cs ~ sign(cs)cs into %2 [
equation (7):
1 01 1
E|s|’
Therefore, the estimator is asymptotically stable if ot
4 2 0 2 4
E|s|
Bs R 2p(0)o? —1l<0 (10) Fig. 1. PDF of the generalized Cauchy distribution for= 1, a = 1.5

L e (solid), @ = 2.5 (dashed), and = 10 (dotted).
In the limit 3 — oo, the latter condition is exact.
TABLE |

Il. THE GENERALIZED CAUCHY DISTRIBUTION ASYMPTOTIC STABILITY REGIONS OF DIFFERENTQML ESTIMATORS

Let us consider a parametric family of distributions with the

. . ©'(s) Asymptotic stability region
parameters,, r > 0, described by the following PDF: Tanh(5) 15 < o < 15666
ook o (. tanh(10s) 1.5 < a < 1.9344
(s) = ar’” 2 sin (37) tanh(8s), B8 — oo 1.5 < a < 2.3379
P m (Js%* + 1)
. : . |s|* sign(s) a>3
(see Figure 1). The parameterinfluences the variance of. For Is|? sign(s) @ > 3.3567
a = 1, one gets the Cauchy distribution; for this reason, this family of s[4 sign(s) S 3'7352
S sign(s a .

distributions will be henceforth referred to as the generalized Cauchy
distribution.

It can be shown that the-th moment of|s| exists fora > 2+,
and is given by

QML estimator is asymptotically unstable far> 2.3379, particu-

Elsf = v - cse <(p + 1)7r) sin <1> larly, the estimator is asymptotically unstable for_both super- and sub-
2 2a/) "’ Gaussian sources\; was also evaluated numerically for= 1, 10
where (see Figure 3). Asymptotic stability regions of the estimators are
presented in Table I.
cscx = _1 For ¢’ (s) = |s|*sign(s), the stability condition is given by
s x
is the cosecant function. Particularly, the fourth order moment exists A, = M — = (1 + 2cos (E)) .
for a > 2.5 and the kurtosis excess is given by Es® Els|r—! a

k(a) = csc (1> cse (2—2) sin’ (31> - 3. cse (W) sin (%) — <0,

2a 2a
) ) ) ) and is valid fora > 1 + u/2. Observe that
x(a) is monotonically decreasing as a functionaoénd crosses zero

for a ~ 3.3567 (see Figure 2, solid). This means that the source iglds T ese (W(M + 2)) (2 + cos (E) csc <2j> _
super-Gaussian fo2.5 < a < 3.3567, and sub-Gaussian far > da 2a 2a a
3.3567. T m(w+2)\ . (w)
For ¢/ (s) = tanh(fs), in the limit 8 — oo, the stability condition " (1 2008 <a>> ese ( 22 )M \4
is given by is negative forn > 14u/2 > 1.5 for everyu > 1, and consequently,
A = E|s| _ A, is monotonically decreasing, with zero crossing depending.on
5T 2p(0)e2 Asymptotic stability regions for some values @fare summarized in
T . ™ . (37 Table |, and the values @k are plotted as a function afin Figure 2.
= 94 &¢ (%) esce (*) Rl WY 1 <0, Note that fory = 3, asymptotic stability is fully determined by the
. . sign of kurtosis excess. However, this is not true for other values of
and is valid fora > 1.5. Observe that y
As
d = % (2+cos <E>>csc2 (l> sec? (1) ,
da da a 2a 2a IV. CONCLUSION
where We have examined the asymptotic stability conditions for two
sec r = 1 classes of QML estimators, commonly used for super- and sub-
coszT Gaussian sources in blind deconvolution problems. The particular

is the secant function. Since the derivativedf w.r.t. a is strictly case of the generalized Cauchy distribution was examined. It can be
positive, A, is monotonically increasing with. A crosses zero at concluded that asymptotic stability does not always correspond to the
a =~ 2.3379 (see Figure 2, dashed). This means that the correspondaign of kurtosis excess, which determines whether the source is super-
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Fig. 2. The value of A; as a function of a for different

QML estimators:y’ (s) = sign(s) (dashed),¢’(s) = |s|?sign(s) (dotted),
¢’ (s) = |s|3sign(s) (solid), andy’(s) = |s|*sign(s) (dash-dotted). Kurtosis
excesss corresponds ta\; is the casey’(s) = |s|®sign(s). The estimator
is stable forA; < 0.
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Fig. 3.  The value ofA; as a function ofa for the QML estimator

¢’(s) = tanh(Bs): 8 = 1 (dashed),3 = 10 (dotted), and3 — oo (solid).
The estimator is stable foh; < 0.

or sub-Gaussian. For example, the chaj¢és) = tanh(3s), which

for blind source separation of sub-gaussian signals,Pioc. ISCAS
2000, pp. 489-492.

[11] M. Joho and P. Schniter, “Frequency domain realization of a multichan-

nel blind deconvolution algorithm based on the natural gradienE'tdr.
ICA2003 April 2003.

[12] S.-I. Amari, T.-P. Chen, and A. Cichocki, “Stability analysis of learning

algorithms for blind source separatioNeural Networksvol. 10, no. 8,
pp. 1345-1351, 1997.

[13] J.-F. Cardoso, “Blind signal separation statistical principlesjc. IEEE.

Special issue on blind source separatieol. 9, no. 10, pp. 2009-2025,
1998.

is commonly believed to be suitable for super-Gaussian sources,

is asymptotically unstable for such sources. The chaites) =
|s|?sign(s), which is known to be suitable for sub-Gaussian sources,
is also suitable for some super-Gaussian sources (wherein3).

The choicey’(s) = |s|*sign(s), known to be suitable for sub-

Gaussian sources, is asymptotically unstable for some of such sources

(wherein 3.3567 < a < 3.7352). With the only exception of
©'(s) = |s|*sign(s), whose asymptotic stability is always determined
by the sign of kurtosis excess, other QML estimators require more

delicate analysis in order to determine whether they are suitable or
not for estimation of super- or sub-Gaussian sources. Generally, the

answer is distribution-dependent. The main conclusion from this note
is that the non-linearityy’(s) should be chosen with more caution.
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